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£\J I Abstract 

Cf~) ■ We give a new construction of the moonshine module vertex operator algebra 

over the real field, which was originally constructed in |FLM2j| . The advantage of 
our construction is that we can easily prove the facts that has a positive definite 
■ invariant bilinear form and Aut(y^) is the Monster simple group. In addition, we 

construct a lot of conformal vectors in which give rise to 2 A- involutions. We 
| also construct an infinite series of holomorphic VOAs. Each of them has exactly 

0\ ' one irreducible module and its full automorphism group is finite. At the end of the 

(3J[), paper, we will calculate the character of a 3C element of the Monster simple group. 

^; ; 1 Introduction 

K> . 

All VOAs in this paper are denned over the real number field R and CV denotes the VOA 
• - - C%y for a VOA V. 

The most interesting example of vertex operator algebra (VOA) is the moonshine 
module VOA = Y^o^i- Although it has many interesting properties, the original 
construction | FLM2|| essentially depends on the actions of the centralizer 2 1+24 Co.l of an 



involution called IB of the Monster simple group and so it is hard to see the actions of 
the other elements explicitly. The Monster simple group has the other conjugacy class of 
involutions called 2A. We will construct the Moonshine VOA from the point of view 
of elementary abelian 2-group generated by 2A-elements. 

The simplest example of VOA is the rational Virasoro VOA L(|,0) of the minimal 
series with central charge |. It has only three irreducible modules L(|,0), L(|,|), and 
L(|,jg), where the first entry is the central charge and the second entry denotes the 
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lowest weights. Its fusion rules (or fusion products) are known 



BFZfl or 



(1) L(|,0) is identity, 

(2) L{\,\) x L(|,|) =L(|,0), 

(3) L(|, X L(|, jg) = ^g), 

(4) L(|,^)xL(|,^) = L(|,0) + L(|,|). 

For a VOA V, we call e G V2 a rational conformal vector if a sub VOA < e > generated by 
e is a rational VOA and e is the Virasoro element of < e >. We are essentially interested 
in a rational conformal vector e with central charge \. Under this assumption, < e > 
is isomorphic to L(|,0) and we can view V as a < e >-module. The fusion rules of 
L(|,0) will then play an important role in our arguments. In particular, we will use an 
automorphism r e of V, which is defined by the author in [Mil], for each rational conformal 
vector e with central charge |, where r e is given by 



1 on all < e >-submodules isomorphic to L(|,0) or L( 
-1 on all < e >-sub modules isomorphic to L(\, 



I I' 

2' 2, 



Since we will treat only rational VOAs V, the tensor product of two ^-modules W 1 and 
W 2 is well-defined []CJ and it is equal to the fusion product W 1 x W 2 . Therefore, we will 
also consider a fusion product as a module. From now on, ®™ =1 W l means a Cg>" =1 V™-module 
for ^-modules W\ 

In this paper, we will consider a set of mutually orthogonal rational conformal vectors 
{e % : i = 1, ...,n} with central charge \ such that the sum Yl e% * s Virasoro element of V. 
Here, "orthogonal" means e\e^ = for i 7^ j. We will call such a set of conformal vectors 
"a coordinate set". Thus, the sub VOA T =< e x ,...,e n > is isomorphic to L(|,0)® n 
and it is known that every irreducible T-module W is a tensor product ®" =1 -^(^, h l ) of 



irreducible 0)-modules L(^,h % ), see |PMZ [. Define a binary word 



f T (W0 = (ai,-,O (1-2) 

by ai = 1 if hi — and Oj = if /ij = or |. We call it a (binary) r-word since it is 
corresponding to the actions of automorphisms T e %. (The author once called it a word of 
^-positions and denoted it by h{W) in [ |Mi3| | and |]Mi4[] .) We note that T is rational and 
the fusion product is given by 

{® n i=1 w i ) x (®r=i^ 1 ) = ®r=i(^ 1 x u*) 



as Dong, Mason and Zhu proved in [pMZ . 
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We will construct the moonshine VOA over the real number field R as a direct 
sum of irreducible T-modules. It is not difficult to construct the underlining space as 
a direct sum of irreducible T-modules. Originally, it has shown by Dong, Mason and Zhu 
| DMZ ] that the moonshine VOA of rank 24 contains 48 mutually orthogonal conformal 



vectors e % with the central charge \ such that the sum is the Virasoro element of and 
the author determined the multiplicities of all irreducible T-submodules of for some T 
in 



Mi4 



The reason why we will treat a VOA over IR is that a positive definite invariant bi- 
linear form on a VOA is very useful to determine an automorphism group. For example, 
Frenkel, Lepowsky and Meurman constructed the moonshine VOA over the real num- 
ber field (in fact, they constructed it over the rational number field) and have shown 
that has a positive definite invariant bilinear form in |FLM2j| . One of our important 



tools in determining the full automorphism group is the uniqueness theorem for a VOA 
satisfying Hypotheses I mentioned later. This holds for VOAs over the complex number 
field without assuming the positive definite invariant bilinear form (see |[Mi5| ) . However, 



it is not uniquely determined for VOAs over the real number field. In order to avoid this 
anomaly, we will treat only VOAs over IR with positive definite invariant bilinear forms. 



For example, the code VOAs which the author defined in |"Mi2j| have a positive definite 
invariant bilinear form if we construct them over IR. This setting offers us exactly the 
same situation as in VOAs over the complex field. 

One of our tools is a code VOA Mo and its representation theory for an even linear 



binary code D of length n ( |[Mi2|| and QMi3fl ). We will briefly explain it in §3. The 
characterization of a code VOA is that it is a simple VOA V containing T = L(^, 0)® n 
and Tt(V) = (0 n ). Any irreducible M^-module If is a direct sum of irreducible T- 
modules U l since T is rational. By the fusion rules of Ising models (1.1), f{U l ) is uniquely 
determined and so we use the same notation f(W) for it. If a simple VOA V contains 
a coordinate set {e 1 ,...^™}, then P =< r e i : i = l,...,n > is an elementary abelian 
automorphism group. Decompose V into a direct sum 

V = ® xG Irr(P)V X 

of eigenspaces of P, where V x = {v e V : gv = x{9) v f° r 9 £ P} an d V 1 = V p is the set 
of P-invariants. It is known by [pM2|| that V x is a nonzero irreducible ^ p -module. It 



follows from the definition of r e i that V p contains T =< e 1 , e n > and is isomorphic to a 
code VOA. Moreover, if tt(V x ) = (a«) then x( r eO = (— l) a '. Therefore, the representation 
theory of code VOA plays an essential role in the study of such VOAs. 



Another tool is "induced VOA". In [Mi3], we introduced a concept of the induced 
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CM^i-module Ind^CVK) for a subcode E containing a maximal self-orthogonal subcode of 
Dp = {a £ D\Supp(a) C Supp(f3)} and an CM B -module CW satisfying (f(W),D) = 0. 
This is a special case of the concept of induced modules defined in |DLi| . We will also 
define an induced module for code VOAs over K and apply it to a VOA here. Namely, 
Indg(W0 becomes a VOA if W is a VOA under some conditions. An advantage of this 
construction is that it keeps a positive definite invariant bilinear form. As applications, 
we will construct several holomorphic VOAs from a VOA. For example, we will construct 
a lattice VOA V\ of the Leech lattice from by restricting and defining an induced 
VOA. 

We should note that it is possible to construct over the rational number field by 
our way. However, it makes us add several conditions to get the uniqueness theory and 
we will avoid such complications. 

We will prove that our VOA over R is a holomorphic VOA of rank 24. We will 
also prove that the full automorphism group is the Monster simple group M. These 
information are enough to show that our VOA is isomorphic to the moonshine module 
VOA constructed in |[FLM2 |. 

We are now in position to mention the outline of this paper. In this paper, we will 
not only construct the moonshine VOA but also VOAs with similar structures. Our es- 
sential tool is the following theorem, which was proved for VOAs over C by the author in 
| Mi5 1 . We will show that this theorem is also true for VOAs over R with positive definite 
invariant bilinear forms. 



Hypotheses I 

(1) D and S are both even linear codes of length 8k and SCDn D . 

(2) For any a, (3 £ S, (a ^ there is a self-dual subcode E = E a @E a c of D and maximal 
self-orthogonal (doubly even) subcodes H@ and H a+ @ of Dp and D a+ p containing Ep and 
E a+ p, respectively, such that 

(2.1) E a and E a c are direct sums of [8, 4, 4]-Hamming codes, 

(2.2) H 13 + E = H a+ P + E, 

where a c denotes the complement (l 8fc ) — a and S$ denotes a subcode {7 £ D : Supp^) C 
Supp(5)} of a code S and 

(3) There is an ^-graded Mo-module V = © ag s V a such that each V a is an M D - 
submodule with f(V a ) = a. In particular, V^° Sk ^ = Md as M^-modules. 

(4) For a, (3 £ S - {(0 n )} and a^f3, 

V a,f3 = M D © V a © V p © V a+f3 
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has a simple VOA structure containing Mo as a sub VOA. 
(5) V a,f3 has a positive definite invariant bilinear form. 

Theorem 3.3 Under the above assumptions (1)~(5) of Hypotheses I, we obtain the 
fusion product V a x V" = V a+/3 for a, j3 G D and 

y = 0r 

has a structure of simple VOA with Mp, as a sub VOA and it has a positive definite 
invariant bilinear form. The structure of VOA on V with a positive definite invariant 
bilinear form is uniquely determined up to Mp -isomorphisms. 

We note that an important assertion of Theorem 3.3 is that the fusion product V a x V@ 

( V a+P \ 

is irreducible, that is, if /(*, z) G I ( ^ a ^ J is a nonzero intertwining operator, then 

for any VOA structure (V,Y) there is a scalar A such that Y(v,z)\yp = XI(v,z). As we 
will show that the uniqueness of the VOA structure on V comes from this property. 

The assumptions (1) and (2) are conditions on the codes D and S. So our construction 
is just to collect a set {V a : a G S} of Mo-modules satisfying (4) and (5). In order to 
prove the condition (4), we will use the following theorems. These are also essentially 
based on the irreducibility of fusion products. 

Theorem 3.2 Assume that (1) and (2) of Hypotheses I hold for (S, D) . Choose a, (3 G S 
so that dim < ot,(3 >= 2, where < a,/3 > is the code generated by a and j3. Let F be an 
even linear code containing D and assume a, (3 G F- 1 . If U = M D © W a © W 13 © W a+lS 
has a simple VOA structure satisfying fiW 1 ) = 7 for 7 G< a, /3 >, then 

lnd F D (U) = Mp © lnd^ o (W a ) © Ind^(^) © lndf/ D (W a+ ^) 

has a simple VOA structure. 

Theorem 4.1 Under the assumptions in Theorem 3.2, if a VOA U has a positive 
definite invariant bilinear form, then Indf^(C/) has a VOA structure with a positive def- 
inite invariant bilinear form. Furthermore, such a VOA is uniquely determined up to 
Mp -isomorphisms. 

In order to construct a VOA by using Theorem 3.3, it is sufficient to collect Mo- 
modules satisfying (4) and (5) for a small code D as we showed in Theorem 4.1. We will 
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gather such modules from the lattice VOA V Eg with a positive definite invariant bilinear 
form constructed from a even unimodular lattice of type E 8 . We will also prove that 
V Eg has a structure satisfying Hypotheses I. Namely, V Eg contains 16 mutually orthogonal 
conformal vectors {e 1 , e 16 } such that 

(1) the order of P =< r e i : i = 1, 8 > is 32, 

(2) iV Eg ) p is isomorphic to a code VOA Md e& , where D Eg is a Reed Muller code 
i?M(4, 2) and 

(3) Ve 8 = aS 5 E8 where S Eg = D 1 = RM{A, 1), V E °p M RM{ ^ 2) and % are 
irreducible M RM ( 4j2 )-modules. Note that 

S Ea =< (l 16 ), (0 8 1 8 ), ({0 4 1 4 } 2 ), ({0 2 1 2 } 4 ), ({01} 8 ) > (1.3) 

and the weight enumerator of S Eg is x 16 + 30x s y s + y 16 . Moreover, the minimal weight 
of D Eg is 4 and the pair (D E8 ,S Eg ) satisfies the conditions (1) and (2) of Hypotheses I, 
see Lemma 5.1. Therefore, a VOA structure on the M/^-module V Eg = ® a £S Eg ^E s * s 
uniquely determined by Theorem 3.3. We also have a fusion product V Eg x V E& = V Eg ^ 
of M Des -modules for any a, (3 G S Eg . 

We will next explain how to construct the moonshine VOA. In order to define the 
moonshine VOA V\ we will set 

= {(a, a, a), (a, a, a c ), (a, a c , a), (a c , a, a) : a G S Eg }, (1.4) 

where a c is the complement of a. Set = (S^) 1 - and call it a moonshine code. It is of 
dimension 41 and contains D E = D Eg © D Eg © D Eg . We note that S* and are even 
linear codes of length 48. Clearly, the pair (D E ,S^) satisfies the conditions (1) and (2) 
of Hypotheses I. 

Our construction consists of the following three steps. 
First, since Vg x Vf g = for a,/3 G S^, 

^= fe®^ 8 ®^ 8 ) (1-5) 

(a,/3,7)eSb 

is a sub VOA of V# g © V# g ® V Eg . Clearly, V 1 has a positive definite invariant bilinear 
form. Our second step is to twist it. Namely, set £i = (10 15 ) and let R = Md e be a 
coset module. To simplify the notation, denote R x V Eg by RV Eg . Set 

g=< (eiei0 16 ),(o i6 ^i) >czf. 

We induce V 1 to 

V 2 = Ind2 8+ V)- 
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Although V is not a VOA, we can find the following M^-submodules in V . 

W {a,a,a) = yg yg yg 

W^ aC ^ = (RVg) ® Vg ® (RVg) 
W^ a ^ = (Vg) ® (RVg) <8> (i?% 8 ). 

for a G >Se 8 . At the end, we set 

for x G S^. We will show that these M^-modules (V^) x satisfy the condition (4) of 
Hypotheses I. Therefore, we obtain a VOA 

which possesses a positive definite invariant bilinear form. Since we construct under 
the condition = (D^)- 1 -, is the only irreducible V^-module by Theorem 6.1. From 
the construction, we will see that dimfV^o = 1 and (V^)i = 0. It comes from the struc- 
ture of and the multiplicity of irreducible M^-submodules that q~ 1 ch v t = J(q) = 
q^ 1 + 196884(7 + ... is the J- function. We will also see that the full automorphism group 
of is the Monster simple group. Although it is not easy to determine the full automor- 
phism groups of VOAs in general, our construction has certain advantages. For example, 
it is easy to prove that the full automorphism group of a VOA satisfying Hypotheses I is 
finite if VI = (Theorem 9.2). Furthermore, if S is a subcode of {(a, a) : a G Z^ 2 } by 
rearranging the order of coordinates, then we will show that our VOA is a sub VOA of 
some lattice VOA with rank n by the uniqueness of VOA structures. Also since our VOA 
V contains a lot of rational conformal vectors {e* : i G /} with central charge ^, V has a 
large automorphism group generated by {r e! : i G /}, which is clearly a normal subgroup 
of Aut(V). Using these properties, we will prove that the space (V tl ) <<5> of 5-invariant 
is isomorphic to for a lattice VOA V\ of the Leech lattice and an automorphism 9 
of VX induced from —1 on A for 5 = r e n e i. For a conformal vector e G (V^) <<5> = V^, 
we can define automorphisms r e G Aut(V^) and f e G Aut(Vi). By this correspondence, 
we can calculate C Aut f V ^(S). Also, we can calculate N Aut ^ v ^(< r e ir e 2, r e ir e 3 >) and 
iV Aut( ya)(< r e iT e 2, r e iT e 3, r e iT e 5 >). By this information, we can conclude that Aut(V^) is 
the Monster simple group and coincides with the moonshine module VOA constructed 
[FLM2I1 . Thus, this a new construction of the moonshine VOA and the monster 



in 



simple group. 



7 



Remark It is possible to induce V 1 in (1.5) into a VOA 

directly. It follows from a direct calculation and the fusion rule (1.1) that V\ is a commu- 
tative Lie algebra of dimension 24. Since V is a holomorphic VOA by Theorem 6.1, V is 
isomorphic to the lattice VOA V\ of Leech lattice A by [Mo|, (see Section 9). 



Another important theorem in this paper is that if S = D 1 - then a simple VOA V 
satisfying Hypotheses I has the exactly one irreducible ^-module V, see Theorem 6.1. 
Since Dong, Griess and Holm |PGH|| have proved that a simple VOA satisfying Hypothe- 
ses I is rational, the VOAs V = ®^ =0 V m satisfying S = D 1 - are holomorphic and so 
q-n/48 Y^(dim V m )q m is a modular function of SL^i^) with a linear character by H. 

In §4, we construct a VOA V# g with a positive definite invariant bilinear form. In 
§5, we investigate the structure of Ve s - In §7, we construct the moonshine VOA V^. 
In §8, we will construct a lot of rational conformal vectors of explicitly. In §9, we 
prove that Aut(l^) is the Monster simple group and V* is equal to the one constructed 
FLM2|| . In §10, we will construct an infinite series of holomorphic VOAs with finite 



in 



full automorphism groups. In §11, we will calculate the characters of some elements of 

the Monster simple group. 
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2 Notation and preliminary results 



We adopt all notation and results from [Mi3| and recall the construction of a lattice VOA. 
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2.1 Notation 



a c The complement (l n ) — a of a binary word a. 

D, D(m) Even binary linear codes, also see §4. 

Dp = {a G D : Supp(a) C Supp(/3)}. 

D 3 ={(a,/3, 1 ):a,/3, 1 ED}. 

D\ The moonshine codes. See (1.4). 

D Ea ,S Ea See (1.3). 

{e l \ i = 1, A set of mutually orthogonal rational conformal vectors 

with central charge \. 

e ± (x) = ^x(-iyi ± \{l{x) + t{-x)) G Vb: 

the conformal vectors defined by x G L with (x, x) = 4. 

-Eg, E 8 (m) An even unimodular lattice of type E 8 , also see (5.1). 

{f l : z}, {ef : i} The other sets of mutually orthogonal eight conformal 

vectors in a Hamming code VOA Mh 8 , see |Mi5 . 

H 8 The [8, 4, 4]-Hamming code. 

H(^,a), H(j^,j3) The irreducible V/re-modules, see Def.13 in ||Mi5 . 

Ind^([7) The induced M^-module from an M E -module U, 

see Sec. 5. 2 in Sec. 6. 2 in ||Mi5 |. 

i{x) A vector in a lattice VOA V L = xgi M(1)l(x), see ||FLM2j . 

L A lattice. 

M p+D A coset module © {al)6/3+D ((®? =1 M al ) ® e^)) . 

M D A code VOA, see §3. 

Q =< (10 15 10 15 16 ), (10 15 16 10 15 ) >. 

R M(iq7) +d . 

RV£ 8 R*Vi s . 

f(W) A r-word (ai,...,a n ), see (1.2). 

T = ®* =1 L(J,0). 

x A fusion rule or a tensor product. 

A(x, z) ~ i?(x, z) (x - z) n (A(x, z) - B(x, z)) = for an n G N. 

6* An automorphism of Vl defined by —1 on L. 

V L A lattice VOA x . gi M{1)l(x), see [ |KLM2|| and §2.2. 

£i A word which is 1 in the i-th entry and everywhere else, 

for example, (O^IO" - '), (O^IO 8 "*), (O^l 16 -*). 

(l m n ) = (1---10---0). 

({abc} 71 *) = iabcabc ■ ■ ■ abc*). 
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2.2 Lattice VOA 



Let L be a lattice with a bilinear form (•,•). Viewing H — R ®z L as a commutative Lie 
algebra with a bilinear form <, >, we define the affine Lie algebra 

H = H\t,t~ l ] + IRC 

[C, H] = 0, [ht n , h't m ] = 5 m+n , (h, h')C 

associated with H and the symmetric tensor algebra M(l) = S(H~) of where = 
i^f* -1 ]* -1 . As in ||FLM2|| , we shall define the Fock space V L = ® x&L M(l)i(x) with the 



vacuum 1 = t(0) and the vertex operators Y(*, z) as follows: The vertex operator of t(a) 
is given by 

Y(c(a),z) =exp ( £ exp ( £ eV 

and that of a(— l)t(0) is 

r(a(-l)i(0),z) = a(z) = ^a(n)^- re_1 . 
The vertex operators of other elements are defined by the normal product: 

Y(a(n)v, z) = a(z) n Y(v, z) = Res x {(x — z) n a(x)Y(v, z) — (z — x) n Y(v, z)a(x)}. 
Here the operator of a <g> t n on M{l)i(b) are denoted by a{n) and 

a{n)i{b) = for n > 
a(Q)t(b) =< a,b> i(b) 

e a t(b) = c(a, b)i{a + b) for some cocycle c(a, b) 
z a L {b) = L{b)z <a ' b> . 

We note that the above definition of vertex operator is very general and so we may think 

Y{v,z)eEnd{V mL ){z} 

for v 6 R ®i L, where Vr® z l = ^ agR(glzL M(l)t(a). Set 1 = t(0). It is worthy to note 
that if we set Y(v, z) = J2 n m v nZ~ n ~ 1 , then V-ii(0) = v for any u6K®zI. 

2.3 L(|, -^) (8) L(|, jg) 

In this subsection, we assume L = with (x, sc) = 1 and we don't use a cocycle c(a, b) 
since i(mx) is generated by one element and l(x) e (Vj,)i. As mentioned in ||DMZ|| . 
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we can find two mutually orthogonal conformal vectors 



e + (2x) = \x(-l) 2 l + \(l(2x) + l(-2x)) and 

e"(2z) = \x{-lfl - i(t(2x) + t(-2x)) ( ' } 

with central charge | such that w = e + (2x)+e~(2x) = 1) 2 1 is the Virasoro element of 
p2Zx- Let 6 1 be the automorphism of Vj, induced from the automorphism — 1 on L, which is 
given by 9(x(— rii) ■ ■ ■ x{—rii)i{v)) = (— ni) • • • x(— nj)t(— t>). We should note that 
is usually defined by ni) • • rij)i(u)) = (— l) l+k x{— n\) ■ ■ ■ x(—ni)t,(—v) for l(v) G 
(Vr,)fe, but we here have a half integer weight k. Take the fixed point space (Vl) 9 of Vl by 
0. We note that each e ± (2x) generates a simple vertex operator subalgebra < e ± (2x) > 
isomorphic to L(~, 0) since it is contained in (V^zx) 6 *; which has a positive definite invariant 
bilinear form as we will see in the next subsection. As we mentioned in the introduction, 
< e ± (2x) >= L(|,0) has only three irreducible modules L(|, 0), L(±, |), L(|, -L). By 
calculating the dimensions of weight spaces, there are no L(|, ^) in Vl since all elements 
v G Vl have integer or half integer weights. Since dim(V L ) = 1, dim(Vi)i = 1, and 
dim(Vk)i/ 2 = 2, we conclude that Vl is isomorphic to the direct sum of the tensor products 

L(i,o)®L(l,o)) © o)®L(i 1)) © (i(^)®^,o)) © 1; 

as < e + (2x) > © < e~(2x) >-modules by the actions of e ± (2x) on (Vx,)i. Since 6* fixes 
e ± (2x) and x(— l)(i(x) — t(— x)), it keeps the above four irreducible < e + {2x) > © < 
e~ (2x) >-submodules invariant. Hence we obtain the decomposition: 

(Vl) 9 = U 1 -, 0) © L(i 0)) © (V, ~) © L(i 0)) 

as < e + {2x) > © < e"(2x) >-modules, see (4.11). Take the subspace M = {v G 
(^l) 6 I e"(2x) 1 f = 0}. Since Vl is a SVOA, M is a SVOA with the Virasoro element 
e + (2x) and we see 

M = M ©M 1 , M = L(i,0)andM 1 -L(^) (2.2) 

as < e + (2x) >-modules. We note that q = l(x) + l(—x) is a lowest degree vector of Mi 
and q q = 2t(0). 

It follows from the definition of vertex operators that V 2Zx+ i x and V 2Zx _i x are irre- 
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ducible V^zz-modules. Hence, we have the following correspondence: 








x(-l)l 




®L(i,|) 


-1 


l(x) — t(—x) 


eL(|,0) 


<8»L(i,|) 


-1 


l(x) + t(—x) 






+ 1 


t(±x/2) 


e 16 


)®£(5>I5)© L (5»I5) 





(2.3) 



Fix the lowest weight vectors t{\x) and l(—^x) of V 2 z x+x / 2 and V2Zx-ac/2j respectively. By 
restricting v in Mj = 7(|, |) and taking the eigenspace W of e~(2x)i with an eigenvalue 



Yg, K(u, z) defines the following three intertwining operators: 

^*>Ut 1,0) 

Also, the restriction to Mg = 0) defines the following intertwining operators: 



and 



(2.4) 



7 U > U u,z) e I 



7 u -2 (*,z) e I 



and 



(2.5) 



J°'H(*,z) g I ( 1 1 ^ 

\L(2,0) 7(2, 

which are actually module vertex operators of < e + (2x) >. We fix these intertwining 
operators throughout this paper. 



We recall their properties from [Mi3| 



0,* 



[*,z), 72>°(*,z) and l2'2< 



Proposition 2.1 (1) The powers of z in I 
gers and those of z in 7a'ie(* ) z) are half-integers, that is, in | + Z. 

7*'*(*, z) satisfies the L(—l) -derivative property. 
(3) I*'T3(*,z) satisfies the super commutativity: 



*, z) are all inte- 



I°^(v,z 1 )I°^(v',z 2 ) 

7°' 16 (U, 1 )72»16 (m, z 2 ) 



~M(t/,^)M(t;,Zi), 



~ / 2 ' 16 



(«, z 2 )7°'i6 (v,zi), 



(2.6) 



1 2 ' 16 I 



0, Zi)7 

/or t>, t>' G Mg and w, w' e Mj. 



1 j_ 

2' 16 I 



(u',Z 2 ) ~ -72 '16 (u', ^)7 2 '16 (it, Zl) 



1 J_ 

2 ' 16 



12 



2.4 A lattice VOA with a positive definite invariant bilinear 
form 

As we will see, we will gather the pieces from Ve s to construct VK In order to construct 
with a positive definite invariant form, we will show that there is a VOA Ve 8 over ffi. 
with a positive definite invariant bilinear form. 

We should note that Ve 8 in (1) is slightly different from an ordinary lattice VOA Ve 8 
constructed from a lattice of type E 8 . If we construct a lattice VOA Ve 8 over K by the 



construction in |[FLM2|] , then t(v) 2 k-i^(v ) G S(H~)l(2v) fl (Ve 8 )o = {0} for any element 
^ v G L and (f,t>) = 2k and so (l(v),l(v)) = (1, (— l) fc i(w) 2 fc-ii(f )) = 0. Namely, Ve 8 
does not have a positive definite invariant bilinear form. 

Proposition 2.2 Lei L be an even lattice. Then there is a VOA Vl which has a positive 
definite invariant bilinear form such that C <E> Vl — CVl- 

[Proof] A lattice VOA V L = 0„ gL S(R ® z L + )l(v) constructed by the lattice con- 



struction in [|FLM2|1 has an invariant bilinear form ( , ). That is, it satisfies 

(Y(a,z)u,v) = {u,Y{e zL ^\-z~ 2 ) m a, z~ x )v) 

for a,u,v G V L , see pTE| . Y*(a,z) = Y(e zL ^(-z- 2 ) L ^a, z' 1 ) = is called 

the adjoint vertex operator. For v G R ® L, identify it with v(—1)l(0) G (Vl)i- Since 
L(l)u(-l)t(0) = and L(0)u(-l)i(0) = u(-l)i(0), ^(v, z) = -z~ 2 y(v, and so we 
have u'(n) = —v(—n). In the definition of Vl in [ FLM2|| , they used a group extension 
satisfying i(u')i(u) = (—1) <u ' u> l(u)l(u') and l(v)l(—v) = t(0) for G (Vzjfc. Namely, 
t(v)2fc-it(- , y) = i{-v) 2 k-it{v) = t(0). 

By definition, 1^(4(1;), z) = (— 2; _2 )^'^/ 2 y(t(t; ), .s^ 1 ). Hence, for t(i>) G 14, we have 
(t(f))Jj = (-l) fc (i(w)) 2 fc_n-2 and so 

+ l{-v), l(v) + t(-i;)>t(0) = (-l) k (t(v) + t(-u))2fc-i(t(v) + fc(-u)) 
= + t(-v) 2fc -it(«)) = (-i) k 2t(0) 

and 

- ,(_,;), t („) - = (-1)^2.(0). 

Let 6 1 be an automorphism of Vl induced from —1 on L, which is given by 

9{V\-H) ■ ■ ■ V m (-l m )L(x)) = (-lf+^i-ij) ■ ■ ■ V m {-l m )L{- X ). 
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Hence, the space V° = {Vl) 9 of ^-invariants is spanned by the elements of the forms 

v 1 (-n 1 )...v 2m (-n 2m )(L(v) + (-l)h(-v)) and 
v \- ni )...v 2m+ \-n 2m+l ){L{v) - (-l)h(-v)) 

for l(v) G Vfc and so V° has a positive definite invariant form. Similarly, V 1 = (V^) _ has 
a negative definite invariant bilinear form, where (Vl)~ = {v G Vl '■ 6{v) = —v}. Since 

Vl — V° © V 1 has a Z2-grade, it is possible to denote the vertex operator of v G V° by 

Y n (v,z) \ p / Y 21 ( Ul z) 

„„ . x and the vertex operator of u G V by 10/ 

where , z) G Hom(^/ J , z -1 ]]. Define new vertex operators by 

Y u (v,z) 
Y 22 (v,z) 



Y(v,z) 

for v £ V° and 



Y{u,z) = 

\Y*{u,z) 

for u G V 1 . Then (V, y) is a VOA with a positive definite invariant bilinear form. This 
is the desired VOA. 

Q.E.D. 

In the remaining of this paper, Ve 8 denotes the above VOA (Ve s ,Y) with a positive 
definite invariant bilinear form. Since we mainly treat a VOA with a positive definite 
invariant bilinear form, we sometimes denote Vl by {Vl} 9 © \f—lV L ~, where V L ~ — {y G 
V L : 9{v) = -v}. 



3 Code VOAs with positive definite invariant bilinear 
forms 



In this section, we recall and prove several results from [|Mi2| ~ |[Mi5|| . We will first 



construct a code VOA Mb with a positive definite invariant bilinear form for an even 
linear binary code D of length n. Set Mq = 0) and M\ = |). It is known that 
F = M © Mi has a super VOA structure (F, Y F ), see (2.2). Although a SVOA structure 
on CF is uniquely determined, a SVOA structure on F is not unique. Since F has a 
Z 2 -grade, we can express a vertex operator V(w, z) by a 2 x 2-matrix: 

V 00 (w,z) 

V n (i;, 
Y 10 (v,z) 

Y m (v,z) 



Y(v,z) 



for v G Mo, 
for v G Mi. 
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If we define new vertex operators Y'(v, z) by 

Y 00 (v,z) 

Y u h 
-Y io (v,z 



- ] for veM , 

r{o (v z 

Y'(v,z)= ( ~ n l ' ' ) for vEM : 



Y ul (v,z) 



then (F, Y') is also a SVOA and it is not isomorphic to (F, Y). So we choose one of them 
satisfying q^q £ IR + 1, where g is a highest weight vector of Mi and IR + = {r £ R|r > 0}. 
An essential property is a super-commutativity: 

Y F (v, Zl )Y F (u, z 2 ) ~ (-l)HMy f ( U) £ 2 )F>, (3.1) 

for = 0,1 and t> £ Mm and w £ M\ u \. Here A(zi,z 2 ) ~ B(zi,z<i) means (zi — 

z 2 ) N A(z\, z 2 ) = (zi — z 2 ) N B(zi, z 2 ) for a sufficiently large integer N. For a binary word 
a = (a 1; a n ) £ Z2 , set M a = ®" =1 M a . , which is a subspace of 

F® n = (M © Mx)®" = M a . 
Define a vertex operator Y® n (u, z) of u £ F ™ by 

yH®?=y, = ®r=i(^ F K, (3.2) 

for u 1 , v l £ F and extend it to the whole space F® n linearly. It follows from (3.1) that for 
v £ M a and u £ Mp, we have the super commutativity: 

Y® n (v, z 1 )Y^ n (u, z 2 ) ~ (-l^Y^u, z 2 )^>, (3.3) 

Viewing .D as an elementary abelian 2-group with an invariant form, we shall use a central 
extension D = {±e a : a £ D} of D by ±1 in order to modify the supercommutativity 
(3.3). Let £j (z = l,...,n) denote a word (0 l_1 10 n_i ) and a formal element satisfying 
e & e & _ anc j e &g& — _ e €j e ?i f or i ^ j. For a word a = ^ + ■ — h £ Jfc with ji < ■ • • < j^, 
set 

e a = •• -e^. (3.4) 

It is straightforward to check the following: 

Lemma 3.1 ( |Mi3~| ) Fora,p, 

e a e (3 _ /_ 1 N(a,^>+|a||/3| e /3 e a 

fc(fc-i) • (3-5) 

e a e Q = (—1) 2 /or |a| = fc 
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In order to combine (3.3) and (3.5), set 

M 8 = M s ® e s (3.6) 

and 

M D = 0M 5 . (3.7) 

8eD 

Define a new vertex operator Y(u, z) of u G M D by setting 

y(v ® e", *) = y®>, z) <g> (3.8) 

for v ® G Mg = Mg ® e' 3 and extending it linearly. We then obtain the desired 
commutativity: 

Y(v, Zl )Y{w, z 2 ) ~ F(™, % )y(T,, (3.9) 
for v,w & Mo- It is not difficult to see that 

n 

w = ^(l 1 ® ... ® ®w ! ® l m (g) ... ® l n ) <g> e° (3.10) 

i=i 

is Virasoro element of Mo and 

l = (l 1 ®...®l n )®e° (3.11) 

is the vacuum of Md, where w 1 and V are Virasoro element and the vacuum of M l , 
respectively. So we have proved the following theorem in ||Mi2 1 . 



Theorem 3.1 If D is an even binary linear code, then (Mjj,Y, w, 1) is a simple VOA. 

It follows from the construction that Mp + D is an irreducible M^-module and we will 
call it a coset module of Mo- From the choice of our cocycle, we can easily prove the 
following lemma. 

Lemma 3.2 If g G Aut(.D), there is an automorphism g of a code VOA M D such that 
~ g (e l )=e^ andg(M a ) = M g(a) . 

[Proof] For g G Aut(-D), we define a permutation g\ on {M a : a G D} by gi((£)M ai ) = 
®M ag{i) and an automorphism g 2 of D by g 2 (e^ • ■ ■ e^**) = e^ 9 ^ ■ ■ ■ e^ 9(it) . Combining the 
both action on M D = ^ a&D M a <g> e a , g = g\ <g> g 2 becomes an automorphism of M D . 

Q.E.D. 
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We will next construct an invariant bilinear form on Md- Let (M,Ym) be a module 
of (V, Y). A bilinear form (•, •) on M is said to be invariant |[FHL|| if 

(Y M (a,z)u,v) = (w,y M (e zI ' (1) (-z- 2 ) z ' (0) a,z" 1 )?;) for a G V,u,v G M, (3.12) 



where L{n) = w n+1 . It was proved in [0] that any invariant bilinear form on a VOA 
is automatically symmetric and there is a one-to-one correspondence between invariant 
bilinear forms and elements of Hom(Vo/£(l)Vi,R). Since dim Vq = 1 and L(1)V\ = for 
a code VOA V = Mo, there is a unique invariant bilinear form (-, ■) satisfying (1,1) = 1. 
Using (3.12), it is given by 

(u,v)l = (u_il,u)l = Res z z~ l {Y{e zLl {-z~ 2 ) L °u,z~ x )v. (3.13) 

Set B =< L(1),L(0),L(-1) >. Since B = sl 2 (R) and L(1)(M D ) 1 = 0, M D is a direct 
sum of irreducible 5-modules. Let U be an irreducible 5-submodule of Md- Then there 
is an element u G (Mo)k satisfying L(l)u = such that U is spanned by {L(—l) s u : s = 
0, 1, ...}. For any v G Vfe, 

(u,v)l = (u^l,v)l = Res^Yid-l^z-^z-^z^v = (-l) k u 2k . lV . (3.14) 

Also we note 

(L(-iyu,L(-iyv) = (L(-l) i - 1 «,L(l)L(-l)^) = (2A;j+j 2 -j)(^(-ir 1 n,L(-ir 1 i;) 

(3.15) 

and (2fcj + j 2 — j) > 0. Thus, ( , ) is positive definite if and only if 



u 2k -iu G (-l) fe M + l 



(3.16) 



for ^ u G T4 satisfying L(1)m = 0. 



We first prove the IR-version of Theorem 4.5 in |Mi3 



Proposition 3.1 2) Let V = ©^ =0 V^ be a simple VOA over M. with dimVo = 1. 
Assume that V contains a set of mutually orthogonal conformal vectors {e 1 , e n } so that 
the sum of them is the Virasoro element of V and {e 1 ,...^™} generates T = L(i,0)® n . 
Assume further that V has a positive definite invariant bilinear form and f(V) = (0 n ). 
Then there is an even linear code D such that V is isomorphic to a code VOA M D . 

[Proof] Since f(V) = (0 n ), r e i = 1 and so we can define automorphism <7 e » for 
i = ...,n. Set Q =< a e i : i = 1, ...,n >. Q is an elementary abelian 2-group and let 

V = ® X dIrr{Q)V X 
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be the decomposition of V into the direct sum of eigenspaces of Q. Since dimVo = 1 
and V x is an irreducible ^-module by |BM2|, we have V Q = T and V x = <g>L(±, ^/2) 
as T-modules. Here h l G {0,1} is given by x(cr e i) = (— l) h% . Let q denote a highest 
weight vector of M\ such that q§q = 1 G Mq. For a binary word a = (a*), q^^ denotes 
®q a ' G M a , where q° = 1 and g 1 = g. Identifying x an d (^) ; ^ x — M x ®e x as T-modules 
such that (q x ® e x , g x ® e x )) = 1. 

Assume \x\ = 2k. By the choice of q x <S> e x and q\ k _ x q x = 1, we have 

1= (g a ®g Q ,g a ®g a )l 
= (l,(-l) fe (g a ®e a ) 2fe _ig Q ®e Q )l 
= (l,(-l) fc e a e a )l. 

Hence, e a e a = (— l) fc e°, which uniquely determine a cocycle that coincides with (3.17). 
This completes the proof of Proposition 3.1. 

Q.E.D. 

As a corollary, we have 

Corollary 3.1 For an even linear code D, has a positive definite invariant bilinear 
form. In particular, if a is even, then the coset module Mo +a also has a positive definite 
invariant bilinear form. 



[Proof] Recall that for a word a with \a\ = 2k, say a = (l 2k n 2k ), 

e a e a = e €l ■ ■ • e^ 1 ■ • • e^ k = (-l)^ 2 *" 1 ) = {-if. (3.17) 

Let S n be the set of all even words of length n. Since all code VOAs are subVOAs of 
the code VOA M$n, it is sufficient to prove the assertion for the code S n . Also, since 
M S n = M 5 n <g> (Ml) 0n C M S 2n as sub VOAs, we may assume that D is the set of all 
even words of length 2n. Let {x 1 , ...,x n } be an orthonormal basis of an Euclidian space 
of dimension n and set 

L = {^Oiic* : at G Z,^Oi = (mod 2)}. (3.18) 

Let Vl be a lattice VOA constructed from L, (see §2.2). Let 9 be an automorphism of 
Vl induced from —1 on L and decompose Vl into (Vl) 6 © {Yl)~ , where (Vl)~ = {v G 
Vl\0(v) = —v}. {Vl) 6 contains 2n mutually orthogonal rational conformal vectors 

e{2x i ) ± = ^(-1) 2 1 ± ^(2x i ) + l(-2x*)) (3.19) 
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with central charge \ by (2.1). Set V L = {V L ) e © V^l(V L y. Then V L is a VOA with a 
positive definite invariant bilinear form containing 

T =< e(2x i ) ± : i = l,...,n> 

by Proposition 2.2. Since (v, 2x j ) G 2Z for v <E L, (2.3) implies f(V L ) = (0 2n ). By 
Proposition 3.1, a code VOA Ms2n is isomorphic to Vl which has a positive definite 
invariant bilinear form. 

Q.E.D. 

If a G D is a codeword of weight 2, say a = (110 n ~ 2 ), then (M a )i ^ 0. Set E = 
{(00), (11)}, then M E is isomorphic to V 2 i x with (x, x) = 1 given in §2.3. We note 
Vzx — M Z 2 and exp(7rzx(0)) keeps Vz x invariant. We also note that x(— 1)1 G (V2z x )i and 
x(0) = (x(— l)l)o- It follows from a direct calculation that 

exp(7rzx(0)) = (_i)<A( n )) on Mp 

for G Z|. As long as a VOA 1/ contains a vector f of weight 1, we can define automor- 
phism exp(f ) of CV. Hence, we have the following lemma. 

Lemma 3.3 // a VOA contains a code Mo and D contains a codeword + £j of weight 
2, then CV contains an automorphism g such that 

g = (_i)<A€i+6> on M p . 
In particular, it coincides with o e iO el on Mp. 



Conjecture 1 If a simple VOA V contains a code VOA and (3 G D, then there is 
an automorphism gofV such that g = Tiiesuppip) a e i on M D . 

An important property of our cocycle is that if a maximal self-orthogonal subcode 
H of D is doubly even, (for example, a Hamming code), then H = {±e° : a G H} is 
a maximal normal (elementary) abelian 2-subgroup of D and so every irreducible M.D- 
module is induced from a linear IRif-module. In the remainder of this section, we assume 
that for an M^-module W, one of maximal self-orthogonal subcode of Dfny) is doubly 
even and we denote it by H. 

We recall the structures of irreducible CM^-modules from ||Mi3||. Let CW be an 



irreducible M^-module with f(CW) = \x. If if is a maximal self-orthogonal subcode of 
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and U' is an irreducible CM^-submodule of CW, then the author showed in [ MI3| that 
CW = Tnd%(U') and every irreducible CM^-module is irreducible as a CT-module. We 
will show that these results also hold for an irreducible Mo-modules under the assumption 
that H is doubly even. 

Theorem 3.2 Let (X, Y x ) be an Mo-module with f(X) = fi and {X 1 : i — 1, ...,m} the 

set of all non-isomorphic irreducible T -submodules of X . Then there are representations 
^ : D„ -> End(Q*) with 0*(-e°) = -/ /or z = 1, ...,m stzc/j tfcat X ^ ® Q*) as 

Mo ^-modules. Moreover, if X is irreducible, then all (p 1 are irreducible. For a G D^, the 
module vertex operator Y x (q a , z) of q a = (®g ai ) <8> e a G M a on X- 7 ® Qi is given by 

^ =1 I a ^ 2 '*(q a \z)®(j) j (e a ) 

for a = (a\, ...,a n ). Here q° denotes the vacuum of M and q 1 denotes the lowest degree 
vector q in M 1 . See §2.3 for ®" =1 J ai/2 '*(g a % z). 

[Proof] Let U be a homogeneous component of X generated by all T-submodules 
isomorphic to X 1 and let U = ®f = iU % be a decomposition of U into a direct sum of 
irreducible T-submodules U l . By (1.1), U is an Md -module. Let Q l be the lowest degree 
space of U. Since the dimension of the lowest degree space of X 1 is one, dim(U z HQ 1 ) = 1 
and U = Q 1 <8> X 1 as vector spaces. Let u l be a nonzero lowest degree vector of U i , then 
{u 1 , ...,u k } is a basis of Q 1 . Let 7Tj : U — > £/ J = u J (g) X 1 be a projection of U, that is, 
TTjiu* ® u) = tfy^ <8> u for ?; G X 1 . By (1.1), F x (g Q , C U[[z, z~ 1 }} for g Q G M Q and 

a G D^. Since 7Tj(F x (g a , z)!^®^ 1 ) is an intertwining operator of type { ^ X 1 ^ ^ 



G Dp, the vertex operator F (q a , z)p of g Q has an expression 



Y x (q a ,z) = A(e a )® ((®I)(q a ,z)), 

where A(e a ) is a k x /c-matrix acting on Q 1 = Mm 1 © • • • and (®/)(g a , z) is the tensor 
product ®I^'*\q ai , z) of the fixed intertwining operators in §2.3 for q a = ®q ai . We note 
that Y x is uniquely determined by {Y x (q a ,z) : a G D}. Since y x (g a ,,z) satisfies the 
commutativity 

Y x (q a , z)Y x {qV, w) ~ F x (/, ^)F X (g a , *) 
and (®J)(g a ,2) satisfies the super-commutativity 

(<g>/)(gV)(<g>I)(f ,w) ~ (-lY a ^(^I)(f,w)(®I)(q a ,z), 
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we obtain the supercommutativity 



A{e a )A{e?) = A(e?)A(e a ). 
Moreover, since Y x (*,z) satisfies the associativity 

Y x (Cq p ,z)=Y x (q a ,z) m Y x tf,z) 

and (®I)(q a , z) satisfies the superassociativity by [ Mi3 1 , we have 



^W(®/)(tf,z)= Y x (<&qf>,z) 

= Y x (q a ,z) m Y x (q> 3 ,z) 

= Res x {(x - z) m A(e a )(®I)(q a , x)A(e (3 )(®I)(f , z) 
-(-z + x) m A(eP)(®I)(qP, z)A(e a )(®I)(q a , x)} 

= Res x {(x- z) m A(e a )A(e p )(®I)(q a ,x)(®I)(q^z) 
-(-z + x) m A(e /3 )A(e a )(®J)(g /3 , z){®I){q a , x)} 

= A(e a )A(eP)Res x {(x - z) m (®I)(q a ,x)(®I)(f,z) 
-{-l)^\-z + x) m (®I)(q f3 ,z)(®I)(q a ,x)} 

= A(e a )A(e?)(®I)(q a , z)(m)(®/)(g", z) 
= A(e a )A(eP)(®I)(q^,z). 

Hence we have the associativity : 

A(e a )A(e p ) = A{e a e (3 ) 

and A(e a )A(e a ) = (— 1)I Q I/ 2 / for all a, (3 E D^, where I is the identity matrix. Hence A 
is a matrix representation of the central extension on Q 1 . We next assume that X 
is irreducible. Let Q° be an irreducible £> M -submodule and W the subspace spanned by 
{v n w : v E M D ,w E Q° <g> X\n E Z}. Proposition 4.1 in [ pM2|| implies X = W. On 



the other hand, the tensor product Mp +DtL x (Q° ® X 1 ) does not contains a submodule 
isomorphic to X 1 for (3 E~ by (1.1) and sot/ = W fl C/ = Q°® X 1 . Hence, Q 1 is an 
irreducible .D^-module on which — e° acts as —1. 



Q.E.D. 

As a corollary, we have the followings: 

Corollary 3.2 If D is a doubly even code and W is an irreducible M^-module, then W 
is also irreducible as a T -module. 
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Note that if if is a maximal self-orthogonal subcode (doubly even) of D, then every 
irreducible ILD-module W is induced from a IRif -module and W is a direct sum of distinct 
irreducible IRf/-modules. Hence, we have the following corollary. 

Corollary 3.3 If (W, Y ) is an irreducible Mo-module with f(W) = (l n ), then there 
is an irreducible representation <p : D — > End(Q) satisfying 0(— e°) = —I such that 
W = L(|, jq)® 11 <8> Q as Mo-modules. Here the module vertex operator Y x (q a ,z) of 
q a = (®<f *) (g)e a G M a on L(|, <g> Q is given by 

®i =1 I a ^ 2 '^ (q a \ z) <g) (j)(e a ) 

for a = (ai, ...,a n ). In particular, Y w is uniquely determined by an irreducible Mh- 
submodule. 

Conversely, we will prove the following proposition: 

Proposition 3.2 Let fi be a word such that (D, fi) = 0. Assume that H is a maximal self- 
orthogonal (doubly even) subcode of and U is an irreducible Mn-module with f(U) = \i. 
Then there is an irreducible Mo-module W containing U as an Mn-submodule. 

[Proof] We may assume \x = (o n_m l m ). By the above lemmas, there is a binary word 
(a t , a n _ m ) such that U = (®£TL(i, f ))®(L(|, ^) 0m )®M x . Since D C< fj, >- L and D 
is even, D C S n - m © S m , where S r denotes the set of all even words of length r. If n = m, 
then L(i, ^) (g)m ® Ind^(R x ) is the desired M^-module. If m = 0, then a coset module 
Mr a i) + D is the desired M^-module. For general cases, let K be a maximal self-orthogonal 
subcode of S m containing H and choose an irreducible i^-module Q containing M. x . the 
tensor product M^ )+Sn __ m <g> Ind| m (L(±, ^)® m ® Q) is an M 5n _ mffi5m -module containing 
U. By Theorem 3.2, there is an irreducible M^-submodule containing U, which is the 
desired Mo-module. 

Q.E.D. 

Our next aim is to prove that an Mo-module W satisfying the above condition is 
uniquely determined. We will call it an induced module and denote it by Ind# (£/"). Ap- 
plying Proposition 11.9 in [ ETC into our case, we have the following lemma (see JMi3[| ). 



Lemma 3.4 Let E be a subcode of D. Let W l ,W 2 ,W 3 be irreducible Mo-module and 
U 1 ,!! 2 irreducible M^-submodules ofW 1 and W 2 , respectively, then there is an injection 
map: 

Im„ \ .... _„„ -►/ 



Md I w 1 w 2 1e \ u 1 u 2 
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Using the above lemma, we will prove the following fusion rule, which was proved in 
| Mil for a code VOA CM D . 



Theorem 3.3 If X is an irreducible Mo-module, then the fusion product 

M a+D x X 

is an irreducible Mo-module for any a. 

Set \i = f(X). We will first prove the following lemmas, (Lemma 3.5~ 3.7). 

Lemma 3.5 Assume that D is a doubly even code and Supp(D) C Supp(fi). Then 
M a+ H x X is irreducible. 

[Proof] By Corollary 3.2 and 3.3, W = (®L(§, /i*)) <8> M x as M D -modules, where 
X is a linear representation of D on M. x . Let U be an irreducible Ma-module so that 

^ I Mh ( U j . Clearly, f(U) = f(W) and so U + f ) <g> for some 

linear representation <f> of D. By Lemma 3.4, there is an injective map 

n:hlH {M a+H w)^ lT ^M a W 

Since M a = <8>L(§, Oi/2), M a xPU is irreducible as a T-module by (1.1) and soM a xlU = U 

as T-modules. We fix a nonzero intertwining operator J(*. z) E It ( I • Then 

& P V ; \M a W J 

for any intertwining operator /(*, z) E I ( ^ we may assume I(v, z) = J(v, z) 

for v E M a by multiplying a scalar. Since I satisfies the commutativity: 

I m {q a , x)<f){e a )I{v, z) ~ 7(v, z)/ 0n (g a , x)x(e a ) 

with the module vertex operators, <fi is uniquely determined by x an d so M a+ o x W is 
irreducible. 

Q.E.D. 

Lemma 3.6 Assume that Supp(D) C Supp(fi). Then M a+D * W is irreducible. 



23 



[Proof] Let H be a maximal orthogonal (doubly even) subcode of D. By Corollary 
3.2 and 3.3, W = <g)L(|, h l ) <g> Q x as M^-modules, where x is a representation of /) on 
Q x such that x{~ e °) = ~ I ■ Since H is a maximal normal abelian subgroup of D, there is 
a i/-submodule Q° such that Ind^(Q°) = Q x . Let U be an irreducible M^-module such 

that 7^ Im d ( )■ Clearly, f(U) = /i and so U = ®L(|,/c J ) <g) for some 

.D-module Q</>- By Lemma 3.6, M a+H x /i l ) ® Q°) is irreducible and so U contains 

an M^-module M a+H x ® Q°). Therefore, U is uniquely determined. Since 

( u \ 

Qd, is a direct sum of distinct irreducible //-modules, dim/ =1 and so 

M a+ D x W is irreducible. 

Q.E.D. 



Lemma 3.7 Let (W, Y w ) be an irreducible Ms-module with f{W) = fi and let W = 

® r i=1 U l be an decomposition of W into the direct sum of distinct homogeneous Mp^- 
submodules U l . Then U l is irreducible and Y w is uniquely determined by an Mo ^-module 
U l for any i. 



[Proof] Let X be an irreducible M^-submodule of U 1 and set X = <g)L(~, hi). By 
(1.1), U° is homogeneous as a T-module, that is, every irreducible T-submodule of U° is 
isomorphic to X. By [pM2|| , {v m u : u G X, v G M a ,a G D} spans W. On the other 
hand, if a = (a^) G" Dp, then irreducible T-submodule generated by v m u is isomorphic 
to ®L{\,hi + f-) and so < v m u : u G X,v G M a ,a G D > HU° = X, which proves 
U° = X. Clearly, < v m u : u G U°,v G M a+Df ^ > is an irreducible Me^ -module U a 
by the same argument. Lemma 3.8 implies that M a+ £> x U° is irreducible. Since the 
restriction Y(v, z) : U° —> U a [[z, z -1 ]] for v G M a+ D is a nonzero intertwining operator, 
we conclude M Q+ £> M x = U a+l3 . Namely, if one of {U l : % = 1, ...,r} is given, then the 
other W are uniquely determined as M^-modules. By Proposition 3.2, there is at least 
one M^-module S such that S = @^d/dJJ^ . Let Y s be the module vertex operator 
of S and set I°^{*,z) = Y w (*,z) : U p -> U a+I3 for i; G M a+Dp by restriction. Since 

dim/ = 1, J a >P(v,z) = \/3 t +a I a 'P(v,z) for u G M a+zv Let be a 

matrix (A^^+q,) whose (/5, /? + a)-entry is A^^+q, and otherwise. Since / and / satisfy the 
mutually commutativity and the associativity, respectively, A : D/D^ — > M(n x n, R) is a 
regular representation and so we can reform A (a) into a permutation matrix by changing 
the basis. Thus, J a,/3 = I 01 '? and so IV is isomorphic to S as an M^-module. 
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Q.E.D. 



[Proof of Theorem 3.3] Set a = (dj) and let /i = r(W). Let H be a maximal 
self-orthogonal (doubly even) subcode of D^. Let W 1 be an irreducible M^-submodule 

of W and let U be an irreducible Mn-module such that I ( ) ^ 0. Clearly, 

\M a+D WJ r 



f(U) = fi. By [PM2 1 , there is an injective map: 

By Lemma 3.7, W 1 = M a+ £,^ x W° is irreducible and so U contains W 1 . Since W 1 
determines U uniquely and U contains only one irreducible iW^-submodule isomorphic 
to W\ M a+D ^ xW = U. 

Q.E.D. 

Combining the above arguments, we have the following theorem: 

Theorem 3.4 Let W be an irreducible Mo-module with f(W) = \i. Let E be an even 
linear code containing D and assume (E,/j) = 0. Assume that there is a maximal self- 
orthogonal (doubly even) subcode H of and H is also a maximal self-orthogonal in E^. 
Then there is a unique irreducible ME-module X containing W as an Mo-submodule. 

We will call X as an induced Ms-module and denote it by Ind^(W). 

We next quote the results about Hamming code VOA from ||Mi2|| . In this paper, a 
Hamming code means a [8, 4, 4]-Hamming code. Let if be a Hamming code and {e 1 , e 8 } 
be a set of coordinate conformal vectors of a Hamming code VOA Mh 8 - Let W be 
an irreducible M Hg -module. If f(W) = (0 8 ), then W is isomorphic to a coset module 
M Hs+a . We denote it by H{\,a). If f(W) = (l 8 ), then there is a linear representation 
X '■ H 8 — > {±1} such that W is isomorphic to j^)® 8 ) ® R x - If we fix a basis 

{a 1 , a 2 , a 3 , a 4 } of H 8 , then there is a word (3 such that x{ a% ) — (—1)^'"^. We denote W 
by H(jq,P). We should note that H(^,P) depends on the choice of a basis of H 8 . So, 
we will fix a basis {(l 8 ), (1 4 4 ), (1 2 2 1 2 2 ), ((10) 4 )} in this paper. Namely, we have the 
following result. 

Theorem 3.5 Let W be an irreducible Mu B -vnodule. If f(W) = (0 8 ) ; then W is isomor- 
phic to one of 

{H(±a):aeZ 8 2 }. 
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If f(W) = (l 8 ), then W is isomorphic to one of 

{H(±a):aeZ 8 }. 

if(i,a) = if(|,/3) if and only if a + (3 G H$ and H(^,a) = H(^,P) if and only if 
a + (3 G H 8 . H(^,a) is a coset module M a and H(-^,(3) is isomorphic to L(|, jg) 08 as 
an L(i,0)® 8 -module. 

In [ |Mi5[ | , the author obtain the following fusion rules. 

Lemma 3.8 |M§/ 

H{\,a) x H{\,P) = H{\,a + 0) 
H(±a)xH$,l3) = H{±a + l3) . 
H(±a)xH(±p) = H{±,a + P) 

The proof is based on the nice properties of the Hamming code VOA M# 8 . To simplify 
the notation, we will choose another cocycle of H 8 for a while. Set e a = e Xiai ■ ■ ■ e Xia4 for 
a = Aiai + ■ — h \4ct4 G H$, where {«i, an} is a fixed basis of H$. In 7i 8 , there are 14 
words of weight 4. For such a codeword (or a 4 points set) a, set 

<t = \{® S l=1 q ai )®e a . 



It follows from a direct calculation that 

1 

8 



f I E (- 1 ) (Q,/3) ^ 



/3eH 8 , |/3|=4 

is a conformal vector with central charge | for a word a in |]Mi2|| . Clearly, s a = s 13 if 
and only if a + (3 G i^s- It is also straightforward to check that (s a , s@) = if and 
only if a + [3 is even word. Therefore, there are two other sets of coordinate conformal 
vectors {d 1 , d 8 } and j/ 1 ,...,/ 8 } in M Hg . By the definition of the set of coordinate 
conformal vectors, T<i =< d 1 ,...^ 8 > and Tf =< J 1 ,...,/ 8 > are coordinate sets of 
conformal vectors. Viewing an M# 8 -module as a T^-module and a Tj-modules, we have 
the following correspondence: (see Proposition 2.2 and Lemma 2.7 in [ Mi5|1 ). 

Lemma 3.9 There are the other two sets of coordinate conformal vectors {d 1 , d 8 } and 
{f 1 , / 8 } in M Hs such that 

#(±,(0 8 )) w.r.t. < e* > <-> #(±,(0 8 )) w.r.t. < d i > (0 8 )) w.r.t. < f > 

«;.r.t. < e 4 > <-> (0 8 )) w.r.t. < cf > <-> w.r.t. < f > 

H(± t (0 8 )) w.r.t. < e* > H{±,£±) w.r.t. < d i > <-> w.r.t. < /* > 

w.r.t. < e* > <-> #(§,£i) w.r.t. < > (0 8 )) w.r.t. < f >, 

where £i denotes (10 7 ). 
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As a corollary, we have: 



Corollary 3.4 IfW is an irreducible M Hs -module, then W x ot) and W x H(^, a) 
are irreducible for any a 6 Zj. 



We next recall the following important theorem from [|Mi5|l and prove it as a corollary 
of the above results. 

Theorem 3.6 Let W 1 and W 2 be irreducible M^-modules and assume that the pair (D, < 
f(W l ), f(W 2 ) >) satisfies (1) and (2) of Hypotheses I. Then W l x W 2 is irreducible. 



[Proof] Set t(W 1 ) = a and t(W 2 ) = 13. If a = or (3 = 0, then the assertion follows 
from Theorem 3.3. We may assume a = (l 8r Ss ). Let U be an irreducible M^-module 

so that 7^ / ( ^ 2 J . Clearly f(U) = a + (3. By Hypotheses I, there is a self-dual 

subcode E = E a © E a c of D such that E is a direct sum of Hamming codes. Assume that 
E/3 is a direct factor of E. Then E = E@ © Epc Let U % be irreducible M^-submodules of 
W i for i = 1,2. By Theorem 3.5, U 1 (® r i=1 H(±,a i )) © (® a j=1 H(±, ft)) as M £ -modules 
and so U 1 x U 2 is irreducible. Since U contains U 1 x f/ 2 , U is uniquely determined. Since 
U is a direct sum of distinct irreducible M^-submodules, we have that W l x W 2 = U is 
irreducible. 

So we may assume that Ep is not a direct factor of E. By Hypotheses I, there are max- 
imal self-orthogonal subcodes Hp and H a+ p of Dp and -D Q+/3 containing .E^ and E a+ p, 
respectively, such that Hp + E = H a+ p + E. Since Hp + E satisfies Hypotheses I for 
< a,/3 > and W l and U are direct sums of distinct irreducible M^+^-modules, we may 
assume D = Hp + E = H a+ p + E. We first assert the following: 



Claim: W 2 and U are irreducible as Ms-modules. 



Since the proofs are almost the same, we will prove the assertion for W 2 . Set E = 
E\ © Ek, where E$ = H$. Assume first that Ep contains a direct factor of E, say E\. 
Namely, assume (3 = (l 8 ...). Then a + (3 = (0 8 ...). Let irp : (a 1 ) — > (a l ) ie sup P (p) be a 
projection. Since ^sosfe-s^-D) = n(H a+ p + E) — E\, D = E\ © DiQS-^k-s) and so it 
is sufficient to prove the assertion for D^isk-sy By the induction and (/3,a) = for 
a G D, we may assume (3 = (l 4 4 l 4 4 ...l 4 4 ). Since H@ contains Ep and D = H 13 + E, 
Dp = H 13 . Let X be an irreducible M H /3-submodule of W 2 , then W 2 = Ind^(X) and 
X is irreducible as an T-module. In particular, X is irreducible as an M E -module with 
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f(X) = ji. Hence Indf^(X) is an irreducible M^-submodule of W 2 . On the other hand, 
since D/H? = E/E p , dimlnd^X) = dimH/ 2 , which proves the claim. 

We now go back to the proof of Theorem 3.6. Set 7 = a + (3. Let X be an irreducible 
Me-submodule of W l . Since W 2 and U are both irreducible M^-modules by the above 
claim, 

U \ ( U 



dim Jjvf n , „ < dim/ Mp . = 1 

and so U = X x W 2 as M^-modules. Fix a nonzero intertwining operator 

W 3 



z) G I IV1 

\ X I¥ 2 



•3 



For /(*, z) G Ja/ d ( J > there * s a sca l ar A suc h that I(v, z) = XI 1 (v, z) for v G X. 

Y u {u,z)I{y,z) ~ J(t;,2)F 2 (m,^) and so F^u, *) J 1 ^, z) = !>, ^)F 2 (w, 2) for u G M D 
and v G X. Since < : t> G X, w G W^ 2 >= U, Y u (u,z) is uniquely determined 

by Y 2 (u, z) and so W 1 x W 2 = W 3 . 

Q.E.D. 

When we want to prove the condition (4) in Hypotheses I, the notion of induced VOA 

will be very useful as we mentioned in the introduction. Set S =< a, (3 >. We assume 

that a pair (D, S) satisfies the conditions (1) and (2) in Hypotheses I for a while. An 

important tool is Theorem 3.1. Namely, for any irreducible M^-modules V a ' and V 13 ' 

with f(V a ') = a' and f{V p ') = /?', an M^-module V a ' x V p ' is irreducible for a',(3' G S. 

Set V a+lS = V a x V 13 . Then by the property of fusion rules, we have V' y+S = V 1 x V s 

for 7, 8 G S. This implies that there is a unique nonzero intertwining operator of type 
yj+S \ 

up to scalar multiple for 5, 7 G S. So if we have an algebraic structure (like 



yi ys 
a VOA) on 

(M D @V a ®V fi @V *P,Y), 

then Y is uniquely determined up to an Mo-isomorphism. 

The purpose of this section is to show the following theorem, which is a M-version of 
Theorem 6.5 in ||Mi5|| : 



Theorem 3.7 Set S =< a, (3 > and assume the pair (D,S) satisfies the conditions (1) 
and (2) of Hypotheses I. Let F be an even linear code containing D such that (F, S) = 0. 
Assume that W = M D © W a © W 13 © W a+l3 has a simple VOA structure. Then 

V = Mp © Ind£(W/ Q ) © Indg'(^) © Ind^(H/ /3 ) 
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also has a simple VOA structure up to an Mp -isomorphism. 

In order to prove the above theorem, we will prove the following lemma: 
Lemma 3.10 Ind£(W a ) x Ind£(W^) = \nd F D (W a+p ). 

[Proofl Let U be an irreducible M^-module such that I ( p , x „ , „ s ) ^ 
L J VInd^(W a ) Ind£(W^)y 

0. Since lnd^(W a ) and Ind£(W) are irreducible modules satisfying Hypotheses I, 
Ind^fW") x Ind^W^ 3 ) is irreducible. By Theorem 11.9 in flDLJ , we have an injective 
map 

^' J (lnd(H/ a ) Ind(W //3 ) ) ~* ^ i^W a W 13 ) 
and so U contains W a x W 13 = W a+/3 , which implies U = lnd^(W a+lS ). 

Q.E.D. 

Proof of Theorem 3.7. Let Y w (v,z) £ End(W)[[2, z^ 1 ]] be the given vertex 

operator of v £ U and let 

be the restriction of Y{v,z) for -y £ W a ' and a',/3' £ 5 =< a, (3 >. Since Theorem 11.9 

_ , , / Ind(^) \ / \ 

in ID LI implies that 6 : / . ,. n/ . — > J , „, is iniective and 

P ^ VInd(W/ a ) Ind(^)/ Wy 

the multiplicity of W 7 " x W 13 in Ind(iy Q is one, we can choose 

/ Ind(H/ Q ' +/3 ' 



J a> ' pr (v,z) £ / 



\lnd{W a ') Ind(H/ /3 '; 



such that I a ' ,f3 ' (v, z)u = J a '^'(v,z)u for v £ and it £ W 13 ' . Define Y(v,z) £ 

End(y)[[^,z~ 1 ]] by J(v,«)u = I^(v 7 z)u for v £ Ind£(W/ a ') and u £ Ind^(W^). Note 
y(v, 2;)it = Y u (v,z)u for u, i> £ U. Moreover, the powers of z in Y(v,z) are all integers 
since (f (Ind (17)), F) = 0. For u,v EU, Y(u,z) and Y(v,z) satisfy the commutativity on 
U. For v £ V, Y(v, 2)|i n d(VK a ) is at least an intertwining operator and Y(v, z) satisfies the 
commutativity with a vertex operator Y(u, z) of u £ Mp. By this commutativity, 

{w £ Ind(i7) : I(u',z)I(u,x)w ~ I(u, x) !(?/, z)iu} (3.9) 

is a M^-module for u, u' £ £7 Since it contains U, it coincides with V. Namely, {Y(u, z) : 
u £ U fl M B } satisfies the mutual commutativity on V. Clearly, {F(f , z) : v £ U U} 
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generates all intertwining operators by the normal products and so all I(v, z) for v G V 
satisfy the mutually commutativity by Dong's lemma. The other required conditions are 
also easy to check and so we have a VOA structure on Ind(C7). 

Q.E.D. 



Lemma 3.11 Let V = (B a &sV a be a VOA satisfying Hypotheses I and W be an irreducible 
V -module. Then there is a word 7 and irreducible Mo-modules with f(W^) = (3 for 
(3 G S + 7 such that W = ®p & g +1 

[Proof] Since T is rational, W is a direct sum of irreducible T-modules and so we 
have W = (Bp^s'W 13 for some 5", where W 13 is the sum of all irreducible T-submodules 
X with f(X) = (3. By (1.1), is an Mjj-module. By the similar arguments as in the 
proof of Theorem 3.2, W@ is irreducible. Since f(V a x = a + j3, S" = S' + 7 for some 
7- 

Q.E.D. 

Lemma 3.12 Let V = © Qe s^ Q be a VOA satisfying Hypotheses I and W = @^ S+1 W^ 
be an irreducible module. Assume that < S + Z27, D > satisfies Hypotheses I. Then W is 
uniquely determined by a W@ for some (3. 

[Proof] Since V a x = W a+ @, M^-module structure on W is uniquely determined 
by W@. By the similar arguments as in the proof of Theorem 3.4, we have the desired 
assertion. 

Q.E.D. 

Since the fusion rules (1.1) are all well-defined over R (even over Q), we can rewrite 



Theorem 4.1 in ||Mi5|| into the following theorem. 



Theorem 3.8 Under the assumptions (1)~(4) of Hypotheses I, we obtain a fusion prod- 
uct V a x V@ = V a+ @ for a,/3 G S. Moreover, there is a simple VOA structure on 

i/ = 0r 

such that it contains as a sub VOA and has a positive definite invariant bilinear 
form. A simple VOA structure on V with a positive definite invariant bilinear form is 
uniquely determined up to Mo -isomorphisms. 
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[Proof] First, we fix module vertex operators Y v (v, z) for v G Md- Let Y a ^ be 
the vertex operator of the VOA V a ^ = M D © V a © V p © V a+/3 such that , z)u = 

Y v {v,z)u for u G and u G V" '' 3 . Since y a x = Md, there are two possible 
simple VOA structures on Md © V a . Moreover, since we assumed that Md © V a has a 
positive definite invariant bilinear form, there is a unique VOA structure on Md © V a 
up to M^-isomorphisms. Namely, if we fix an orthonormal basis {uf : i G I a } of 
then Y a 'P(u, z)v for w, v G does not depend on the choice of (3. Define a nonzero 
intertwining operator 

^(•■*> 6 '(y v») 

for a, /? G S by z)u = Y a ^{v, z)u for t> G V a , u G 7". 

Our next step is to choose suitable scalars A Q,/3 and define a new vertex operator 
Y(v,z) G End(y)[[z,z~ 1 ]] by 

= \ a ^I a ' p {v, z)u (3.a) 

for t> G y° and tt G V 13 such that {Y (u, z) : v E V} satisfies the mutual commutativity 
Since intertwining operators satisfy the L(— l)-derivative property and the other condi- 
tions except the mutual commutativity, (V, Y) becomes a simple VOA with a positive 
definite invariant bilinear form. 

Set dim S = t and let {cki, a t } be a basis of S. Set Si =< a\, a>i > for i — 0, 1, t 
and V 1 = © ae sM a . We will choose A"'^ inductively. Since V a are all M^-modules, the 
module vertex operators Y v (v, z) of v G V° = Md on V satisfy the mutual commutativity 
if we choose A 0,a = 1. We next assume that there is an integer r such that the vertex 
operators {Y (v, z) : v G V r } satisfy the mutual commutativity by choosing X a,/3 for 
a G S r . In particular, V r is a sub VOA and V is a ^ r -module by these vertex operators. 
It is clear that V sr+S = ffi 7 65' V r<5+7 are irreducible y r -modules for any 5 G S by the fusion 
rules and V decomposes into the direct sum of irreducible ^-modules. By the fusion rule 
of Mo-modules V 13 and Lemma 3.12, we obtain a fusion rule: 

yS+S r x yy+S r _ y5+-y+S r 

as V r -modules. 

Decompose V r+1 = V r © V ar+1+sr as y r -modules. To simplify the notation, set 
a = a r+ i and I@{v,z) = I a ^{v,z) for a while. Let {Y G S : i G J} be a set of 
representatives of cosets S/S r+1 . Since there is an injection 

/ yS r +a+-y i \ / yS r +a+Y \ 

71 : 1 { v sr+a v sr+ ^ ) ^ 1 1 v a m* ) 
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/ yS r +a+^ \ 

and dim J ( ^ a t \ = 1, we can choose a nonzero intertwining operator 

/ yS r +a+ 1 i \ 

I a+Sr ^ +Sr (*,z) Ell ySr+a ySr+Y j such that I a+Sr ^ +Sr (v, z)u = Y a ^(v,z)u for 

v G V a ,u G V^. Restricting I a + Sr >^+ Sr (*, z) into V a+ ^ i+s for (3,5 e S r , we have a 
scalar X a+Ptl i +S such that l«+s r ,Y+s r z y = \ a+p ^ +5 Y a+ ^ +5 {v, z)u for v G V a+/3 and 
it G V 7 * +<5 . We will show that V r+1 is a sub VOA and V is a V r+1 -module by the above 
intertwining operators J a + 5r >7 l +s ,r ^ 
Set 

Q = {w G V|Y(u, 2) Y(u', x)w ~ Y(u', x)Y(u, z)w for u, u G V Q }. 

Since Y(*, z) is an intertwining operator of V r -modules, Q is a V r -module. On the other 
hand, by the choice of Y, Q contains V 7 * for all i. Hence, Q coincides with V. In partic- 
ular, all vertex operators in {Y(u, z) : u G V r U V a } satisfy the mutual commutativity. 
Since V r+l is generated by V r and V a , we have the desired result. This completes the 
construction of our VOA. 

We next show that the VOA structures on V is unique. Assume that there are two 
VOA structures (V, Y) and (V, Y') on V. We may assume that all V a,/3 are sub VOAs of 

(V, Y). Since dim J I ^ a ^ j — 1, there are A^ such that Y'(t>, = ^a,/3Y(v, z)u for 

f G V Q , it G V^. We may assume Ao»„g = 1 and so A^o" = 1 by the skew symmetry. We 
will show that by changing the sign of an orthonormal basis of y sr + a r+i jf necessary we 
can get Y = Y'. Define / = {-i f G End(V) by (-1)<A°» n V a . It is clear that / is an 
automorphism. Assume Y|ys r = Y'|ys>- and FL s >-+i 7^ Y'\ vS r+i. We assert X a G {±1}. 
By changing the sign of an orthogonal basis of V a+sr , we may assume Y'\v<* = Y|y<*. 
By Lemma 3.12, (V a+S \Y) is isomorphic to (V a+S \Y') V sr -module. On the other 
hand, since V a+sr x V a+sr = V sr , Y'\ va+S r = \ a Y\ va+S r. Hence, Y = Y' on S r+1 . 
Namely, A a = — 1. Let (3 G< S r > ± and a) = 1. Then by using an automorphism 
(— l)' 3 , we may assume Y = Y' on S' r+1 . By induction, we have Y = Y' on V. 

Q.E.D. 

We will next show a relation between automorphisms of Mo and fusion product mod- 
ules M a+ D x VY. For a word a, we can define an automorphism a a of Mo by 

<7 a : (-l)0' a > onAfy, 



which coincides with riies«pp(a) a eM where a e % is an automorphism given in [|Mil|1 of type 
2. 
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Lemma 3.13 Suppose (3 = f(W) and Dp contains a maximal self orthogonal subcode H 
which is doubly even and is orthogonal to a, then a a W is isomorphic to W. 

[Proof] Decompose M D into © M/j, where M%\ = {v e M D : a a (v) = ±v}. 
Set E = {75 G D : (f3,a) — 0}. Clearly, Mp = Me- Since E contains a maximal 
self-orthogonal subcode H of Dp which is doubly even, there is an M^-module U such 
that Indj}^([7) = W by Proposition 3.2. It follows from the definition of the induced 
modules that IndjJ^([7) = [7 © (M^ x U) as M^- modules. The actions of switch 
U and x U, that is, u n {U) C x U and u n (M^ x U) C U for any n G Z and 
m G M^. Moreover, u n a a v = —u n v for w G and u G Ind^(f/). It is easy to check that 
(1^/, — ljvf-x;/) on 17 © x [7 is an isomorphism from ^(Ind^f/)) to Ind^(t7). 

Q.E.D. 

For an irreducible M^-module W, a a W is also an irreducible M^-module. Clearly, W 
and a a W are isomorphic as T-modules and a a = o~p if and only if a + (3 G -D -1 . We next 
investigate an irreducible M^-module Mo+ a x iy for a satisfying Supp(a) C Swp^f (If)). 
In this case, Mu +a x W is isomorphic to If as a T-module. The following lemma is 
important. 

Lemma 3.14 Let W be an irreducible M^-module and assume Supp(a) C Supp(f(W)) . 
Then Mc+ a x W is isomorphic to a a W as an Mrj-module. 



[Proof] Set U = M a+D and 73 = f(W). Clearly, f(M D+a x W) = f(a a W) = (3. 
By Theorem 3.3, W = U x W is irreducible. Let Hp be a maximal self-orthogonal 
(doubly even) subcode of Dp. Since an M^-module W with f(W) = (3 is uniquely 
determined by an M# -submodule, we may assume that D is a self-orthogonal doubly 
even code and Supp(D) C Supp(f3). In particular, we may also assume that W and 



W are both isomorphic to L(|, ^)® n as T-modules. Since 1 < dim/M ( rr TT7 ) < 



[7, If 



dim It . ' , , _ = 1, an intertwining operator of type is 

t Vm 7 L(|,^rv 6 ^ p vm 7+d , w 

uniquely determined up to scalar multiples for 7 G -D + a. As shown in §2.3 or in ||Mi5 

we can choose a nonzero intertwining operator /(*, z) G It ( 2 \\ 6 x I by 

7(g 7 ,z) = I{q\z) = ®I 9i 'TS (q 9i , z), 

where J 9i, i6 (*, z) is a fixed intertwining operator of type I x 2 ' 16 x x ), see §2.3. 
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By Theorem 3.2, there are linear representations \ an d 4> of D such that 
W = L{\, ±)® n <g> Q x and W ^ L(±, i) 0ri g> Q . By the associativity property of 
intertwining operators, 

7(u ng a , z) = i?es s {(x - 2) n y w '(/, x)I(q a , z) - (-z + x) n I(q a , z)Y w (q /3 J x)} 
= Res x {(x - z) n I® n (f, x)0(e /3 )/(g a , 2) - {-z + x) n I(q a , z)I® n (q^ x)x(e /3 )} 

for g^ 3 e C Mp and it G M Q . In particular, for a sufficiently large N, we obtain 

= Res x {(x - z) N I® n (f, x)0(e /3 )J(g Q , z) - (-z + z)*I(g a , z)I m (f, x) X {e p )}. 

On the other hand, as we showed in §2.3, !(*, 2;) satisfies the super-commutativity: 

(x - z) N I® n (f, x)I m (q a , z) - (-l) {a ^(-z + xfl m (q a , z)I® n (q\ x) = 0. 

Therefore, 

Res x {(x - z) N (j){e p ) - (-l) {a '®(-z + xf X (e p )} = 
and so (j){eP) = (— l)^ 01 '^ x( e>3 ) f° r (3 & D. Hence, W is isomorphic to a a W as M^-module. 

Q.E.D. 

Remark 1 The above lemma may look a little strange since we usually obtain relations 
aiW 1 ) x a(W 2 ) = aiW 1 x W 2 ) and (M a+D x W l ) x (M a+D x W 2 ) = (W 1 x W 2 ) 
for an automorphism a and a coset module M a+ E>, respectively. However, if we have 
a(W l ) = M D+a x W l for i = 1,2, then W 1 x W 2 does not satisfy the condition of the 
above lemma by (1.1) and so crfW 1 x W 2 ) = W 1 <g> W 2 . 

4 Positive definite invariant bilinear form 

In order to construct V\ we will use "induced VOAs". So, we will prove the following 
theorem. 

Theorem 4.1 Assume that W a is an irreducible M^-module with f(W a ) = a and (D, < 
a >) satisfies the conditions (1) and (2) of Hypotheses I. Let F be an even linear code 
containing D satisfying (F, a) = 0. If a simple VOA U = Mr,@W a has a positive definite 
invariant bilinear form, then Ind^(£7) (= M F © Ind^(W a )) also has a positive definite 
invariant bilinear form. 
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[Proof] We note that if an irreducible M^-module W is not isomorphic to M E , then 
the lowest degree of W is greater than 0. Clearly, it is sufficient to prove the lemma for 
F =< a, (l n ) > . Since < a, (l n ) > ± is generated by words of weight 2, we may assume 
F = D + Z 2 /5 such that \/3\ = 2 by induction. Say (3 = (110 n " 2 ). Since \/3\ = 2 and 
(j3, a) = 0, Supp(P) C Supp(a) or Supp(/3) fl Supp(a) = 0. 

Since -D a contains a direct sum _E of Hamming codes such that Supp(E) = Supp(a), 
lnd^)(W a ) is irreducible. Set 

V = M F ®lxid F D {W a ). 

By Theorem 3.7, V has a VOA structure. Since lnd^(W a ) x Ind£(W a ) = M F by 
Lemma 3.10, there are only two possible VOA structures on V. Namely, if one is 
(M F ®lnd^(W a ),Y), then the other is (M F (B\/—lInd 1 D \(W a ), Y). Since W a xW a = M D , 
we may assume (M F © Ind£(W/ Q ), Y) contains U sub VOA. Let E be a maximal self 
orthogonal doubly even subcode of D a . Then W a is a direct sum @W l of distinct irre- 
ducible Ms-modules W i and 7* = M E © M £+/3 © W* © (Mb +/3 x W*) is a sub VOA of V 
for each z. Since (M E © W*, F) is a sub VOA of M D © W a , (M E © W*, Y) has a positive 
definite invariant bilinear form. 

We will later show that a VOA structure (V 1 , Y) on V 1 has a positive definite invariant 
bilinear form. In particular, W i © (M E+ p x H^ 4 ) has an orthonormal basis with respect 
to Y. Then since Md+/3 x W a coincides with @{M F +i3 x W*), we have the desired result. 
Therefore, we may assume that Supp(D) = Supp(a) and D is a direct sum D = E 1 ®- ■ •© 
E s of Hamming codes E l by Hypotheses I. In particular, W a is irreducible as a T-module. 
Since a VOA structure (V, Y) on 1/ containing U is uniquely determined, it is sufficient to 
show that there exists a VOA structure on (V, Y) with a positive definite invariant bilinear 
form. For if (V, Y') is the other simple VOA structure on V, then (W a , Y') has a negative 
definite invariant bilinear form and so (V, Y') does not contain U. If Supp(f3) (1 Supp(a) = 
0, then < D,j3 > is self-orthogonal. Let D° be the code of length n — 2 consisting 
of the codewords 7 such that (OO7) £ D. Then M D = L(~,0) © £(§,0) © M D o and 
Mo+p = L(~, |) © L(|, |) © M D o. By the above decompositions, we can write 

W a = L{ l -,h l ) © L(^,h 2 ) ®W 

and 

M D+P xW a ^ /i 1 + l -) © /i 2 + i) © H/'. 

for some irreducible M^o-module W' and h},h 2 = 0, ~ and fti + ~ = if /i l = | and 
+ 1 = 1 if U = 0. Since L(±,0f 2 © L(§, ±)^ 2 Vk x = (y 2Zx ) 9 © v 73 !^) - for 



35 



(x, x) = 1, v / — Iz(O) is an isomorphism from L{\, h l )®L{\, h 2 ) to h l + \)®L(\, h 2 +\) 
and x(0) 2 acts diagonally on L(^, /i 1 )®L(|, /i 2 ) with a positive eigenvalues. Let {v l : i E 1} 
be an orthogonal normal basis such that each v % is in an eigenspaces of x(0) 2 . Then 
{sf^Ix^v 1 : i e /} is a basis of L(|, /i 1 + \) ® L(|, /i 2 + ±) and 

(v /Z Tx(0)t» l , v /Z Ta;(0)^) = (u*,z(0)V) = ^(v*, x(O)V') > 0. 

Hence, Ind^(t/) has a positive definite invariant bilinear form. 

We next assume Supp(j3) C Supp(a). Since D is a direct sum of Hamming codes and 
the weight of (3 is 2, it is sufficient to treat the following two cases: 

(1) Supp(f3) C SuppiE 1 ). 

(2) D = E 8 (B ■ ■ ■ ® E 8 and /5 = (10 7 10 7 0™- 16 ). 

Case (1). By Lemma 3.8, there is another set of coordinate conformal vectors {cf} 
of M/) such that W is a coset module M D+1 w.r.t. < cf >. Since Supp(f3) C Supp^E 1 ) 
and /5 has an even weight, Mp + c is also a coset module M^+d. Namely, Ind^((7) is a 
code VOA M <B 5 7> w.r.t. < d 1 >. Hence, it has a positive definite invariant bilinear form. 

Case (2). By taking another set of coordinate conformal vectors, we may assume that 
a = (1 16 0^ 16 ) and (3 = (10 7 10 7 n ~ 16 ). Since L{\,\) ® L{\,\) has a positive definite 
invariant bilinear form and the lowest weight is an integer, we may also assume that 
n — 16 and a = (l 16 ). We will find such a VOA in Ve 8 in the next section. This will 
complete the proof of Theorem. 

Q.E.D. 

5 ^-lattice VOA 

As we mentioned in the introduction, we will gather the parts of from Ve 8 - Hence, 
the main aim of this section is to study the structure of Ve s and Ve s - In particular, we 
will show that V# g satisfies the conditions (1)~(5) of Hypotheses I. Incidentally, we will 
see that the orbifold construction from VOA Ve s coincides with the change of a set of 
coordinate conformal vectors of a Hamming code sub VOA of Ve 8 - 

Let E 8 denote the root lattice of type E 8 . It is known that E 8 is the unique positive 
definite unimodular even lattice of rank 8. We first define lattices E 8 (m) : m = 1, 2, 3, 4, 5 
and £(1). Let {x 1 , x 8 } be an orthonormal basis and set E 8 (l) =< |(X^=i x% )> x% '■ 
i,j = 1, ...,8 > and L(l) =< x l : i = 1, ...,8 >, where < u l : i G / > denotes a lattice 
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generated by {u l : i £ J}. It is easy to check that Eg(l) is isomorphic to E$. We can 
define the other E^-lattices as follows: 



E 8 (2) = < - x 2 - x 3 - x 4 )+x 5 , |(x 5 + x 6 + x 7 + x 8 )+x\ 

±x J ' : i,j £ {1,2,3,4}, or i, j £ {5,6,7,8} > . 
-^8(3) = < t^x 1 - x 2 - x 5 - X 6 ) + x 3 , t^x 1 + x 2 - x 3 - x 4 ) - X 7 , 

|(-x 5 - x 6 + x 7 + x 8 ) + x 1 , x 1 + x 3 + x 5 + x 7 , x 2i_1 + x 2i , (i = 1, 2, 3, 4) > 
E 8 (4) = < ^(x 1 — x 3 — x 5 — x 7 ) + x 2 , ^(x 1 — x 2 + x 5 — x 6 ) — x 3 , 

§(— x 1 + x 2 - x 3 - x 4 ) - x 7 , \{x l + x 3 - x 6 + x 8 ) + x 5 , 2x\ 2x 8 > 

(5-1) 

Fix m — 1, 2, 3, 4 and set L = E s (m). Let Vj, be a lattice VOA constructed as in |[FLM2j| 
and 9 an automorphism of Vl induced from —1 on L. Since E%(m) contains {2x x , 2x 8 }, 
we obtain a set / = {e l : i — 1, 16} of 16 mutually orthogonal conformal vectors of Vl, 
where 

e 2i " J ' = ^^(-l) 2 ! - (-l) j ^(i(2x l ) + i(-2x 1 )) (5.2) 

for % — 1, 8, j = 1, as given in [ DMZ |. Since they are all in V^, we can also take this set 
as a set of coordinate conformal vectors of Ve 8 - Hence, the decompositions of Vl and Ve 8 
into the direct sum of irreducible T-submodules are the same, where T =< e 1 , ...,e 16 >, 
(see the proof of Proposition 2.2). 

Let P{m) =< r e z : i = 1, 16 > and L{m) = E 8 (m) fl L(l). By (2.3), Vhim) contains 
< e 1 , e 16 > and it is straightforward to check that (Vl) p ^ coincides with Vum)- Define 
a code D(m) of length 16 by 

M D(m) = (V Es ) Pim) . 

It is also not difficult to check that (Vl) p ^ has a decomposition satisfying Hypotheses I 
with respect to (D(m), Dim)-*-). However, this is not what we want because D(m) has a 
root and so (Mo( m ))i ^ for m — 1, 2, 3, 4. We are going to get a code D without roots. 
In order to find such a decomposition, we will change the set of coordinate conformal 
vectors. Incidentally, this process coincides with an orbifold construction as we will show. 

Let's explain the relation between the orbifold construction and changing the coordi- 
nate sets of conformal vectors. It is known that any orbifold construction from Vl is iso- 
morphic to itself. Let's explain the orbifold construction. Let 9 be an automorphism of Vl 
induced from —1 on L. 9 fixes l{x 1 ) + l{—x 1 ) and acts as —1 on x l (— 1)1 and l{x 1 ) — l(—x 1 ). 
Hence, 9 acts on M a as (— l)( a >({ 01 } 8 )> and so the fixed point space M% m ^ is equal to the 
direct sum © agD ( m + ) M a , where D(m, +) = {a £ D{m) : (a, ({01} 8 )) = 0}. Assume 
that the twisted part of the orbifold construction does not contain any coset modules. 
Suppose that V = ® a £sV a is a VOA satisfying Hypotheses I such that f(V a ) = a and 
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y(o 2n ) ^ Mr>, where D is a code of length 2n containing (0 2i 110 2n 2l 2 ) for all i = 1, m. 
Set (3= ({01} n ). 

Then the orbifold construction is corresponding to the following three steps as we will see 
in the next example. 

(1) Take an half M D{+) of M D , where £>(+) = {a e D : (a, (3) = 0}. 

(2) Take an M£>( + )-module V 13 with fiV 13 ) = f3 and generate M £) ( + )-modules V 13 ^ with 
f{yP+i) = (3 + 7 by V^+t = l/"xr for j E S. 

(3) Construct a VOA structure on V = ©ae<s,/3>^ a - 

In the case of E 8 (l), f{V m+v ) = (l 16 ) for v = |(E2i^) and so ^(1) =< (l 16 ) > 
and D(l) is the set of all even words of length 16. D(l) contains a self dual subcode 
H = iJg©if|, where ifg are Hamming codes and Supp(Hl) = {1, 2, 8} and Supp(Hg) = 
{9, ...,16}. Since (((10) 8 ),/3) = for any e H, we have M H C V£. Therefore, the 
decompositions of Vj, and Vl as M^-modules are exactly the same. Since D(l) consists 
of all even words, the center Z(D(1)) is < ±e ( -° u> \ ie 1 - 116 ) > and so there are exactly 2 
irreducible M D(1) -modules Ind*J (1) (H(±, (0 8 )) ® (0 8 ))) and Ind^ (1) (#(^, (0 8 )) ® 

^(j^,^ 1 )) by Theorem 3.2. The difference between them is judged by the action of 
q,(i 16 ) _ (g® 16 ) (g) e ( l16 ). By (2.3) and the proof of Proposition 2.2, we have g( l16 ) = 
1) • • • x 8 (— 1)1 and x l (— 1)1 = v^—T^ 812 )^ 2 * -1 ^ 2 *. Since the eigenvalue of g^ 16 ) on 
t(o $Z xi ) * s positive, 

V Es = M D(1) © Ind^ (1) (#(l (0 8 )) © ff(l (0 8 ))) (5.4) 

by the choice of E(l). We should note that the difference between the above two modules 
is given by the action of g^ 16 -* = (cgi^g 1 ) © e^ 16 ). By Lemma 3.8, M e H% contains another 
set of coordinate conformal vectors j/ 1 ,...,/ 8 } such that H(^, (0 8 )) w.r.t. < e l > is 
isomorphic to if(|,£i) w.r.t. < /* >. We note that H(^,a) is a coset module M# g+Q ,. 
Take the set J = {f 1 , / 8 , e 9 , e 16 } as a new set of coordinate conformal vectors. Then 
for (3 e D(i) satisfying (/3, (1 8 8 )) = 1, the f{Mn+a) is also a coset module w.r.t. J and 
f(£T(i, (0 8 )) S J7(i (0 8 ))) w.r.t. J is (0 8 1 8 ). 

Hence, the set f(Vi) w.r.t. J is S 2 = {(0 16 ), (1 8 8 ), (0 8 1 8 ), (l 16 )}. Set P 2 =< r p ,r e3 : i = 
l,...,8,j = 9, ...,16 > and define a linear code D 2 by (Vl) p2 = M D2 w.r.t. J, then D 2 
splits into a direct sum D\ © .D 2 such that D\ and .Dg are the sets of all even words in 
{1, 2, 8} and {9, 16}, respectively. We note that this process is corresponding to an 
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(5.5) 



orthogonal transformation 

(\ -1 -1 -l\ 
11-11 1 
2 11—11 

\l 1 1 -1/ 

by (2.3). Therefore, this decomposition coincides with the decomposition given by E 8 (2). 
We note that (l 16 ) £ D 2 and M(ii6) +E w.r.t. < e l > is still equal to Mni6) +B w.r.t. J. 

We next consider the case of E 8 (2) and S 2 =< (1 8 8 ), (0 8 1 8 ) >. We use the above 
decomposition again by renaming {/*, / 8 , e 9 , e 16 }, J and D 2 by {e 1 , e 16 }, / and 
D(2), respectively. Set 

I x = { a £ D{2) : Supp(a) C {1, 4, 9, 12}} 
I 2 = {ae D(2) : Supp(a) C {5, 8, 13, 16}} . 

It is clear that Jj contains Hamming code Hi for % = 1,2. Take a new coordinate set 
{f 1 , / 4 , / 9 , f 12 } of iJi and define a new set 

J={/ 1 ,...,/ 4 ,e 5 ,...,e 8 ,/ 9 ,...,/ 12 ,e 13 ,...,e 16 } 

as a set of coordinate conformal vectors of Vl- Then if an Mjj 1 ® M^ 2 -module t/ has a 
r-word (a, f3) £ {1, 4, 9, 12} © {5, 8, 13, 16} w.r.t. /, then the r-word w.r.t. J 
is either (a, (3) or (a c , (3). Moreover, there is a submodule with a r-word (1 4 4 1 4 4 ) w.r.t. 
J. An example is M HieH2+a , where a is a word with (a, (1 4 4 1 4 4 )) = 1. Therefore, we 
have 

D 3 =< Dl®D 2 3 ®D 3 3 ® Dj, {1, 5, 9, 13} > (5.6) 

where D\ is the set of all even words in {4i — 3, 4i — 2, Ai — 1, 4i} for % — 1, 4. We also 
obtain 

S 3 =< (l 16 ), (1 8 8 ), (1 4 4 1 4 4 ) > . (5.7) 

This corresponds to the decomposition with respect to E 8 (3) and D 3 = D(3). D(3) also 
contains two orthogonal Hamming codes H\(3) and H 2 (3) whose supports are 

{1,2,5,6,9,10,13,14} and {3,4,7,8,11,12,15,16}. 

Repeating the above arguments, we have 

S 4 =< (l 16 ), (1 8 8 ), (1 4 0W), ({1 2 2 } 4 ) > (5.8) 

and -D(4) = (S* 4 )- 1 . -D(4) still contains a direct sum of 2 Hamming codes whose supports 
are ({10} 8 ) and ({01} 8 ). Repeating the same arguments again, we obtain 

S 5 =< (l 16 ), (1 8 8 ), (1 4 0W), ({HOO} 4 ), ({10} 8 ) > (5.9) 
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and D(5) = (S 5 ) 



Remark 2 Since D(5) does not contains a subcode of rank 8 consisting of the form 
{(a, a) : a G Z 8 } for any splits of coordinates into 8 and 8, it is impossible to assign 
x l (— 1)1 to L(|, |) <g> f (§, |) /or a// i = 1, ...,8. JTras, we cannot construct D(5) and S 5 
from a lattice directly. 

Let's finish the proof of Theorem 4.1. Set D = D(l) and /? = (1 8 8 ). Set H = H 8 ®H 8 
as in (5.5). Viewing Ve s as an M#-module, Ve 8 is a direct sum of distinct irreducible M#- 
modules. Since f> is the set of all even words, M D contains if(|,£i) ® if(|,£i) and so 
Ve 8 has a sub VOA isomorphic to 

(if (i, (0 8 )) (gi H{\, (0 8 ))) © (if (1, 6) © if (§, £i)) f5 1Q v 

© (ff (o 8 )) ® (o 8 ))) © 6) ® &)), 

where £i = (10 7 ). This is the desired VOA in the proof of Theorem 4.1. 

Set D Es = D(5) and Se 8 = S 5 . We will show that this pair (D Es ,Se s ) satisfies the 
conditions (1) and (2) of Hypotheses I. We note that De s is a Reed Muller code i?M (4, 3) 
and Se s is a Reed Muller code RM(4, 1). 

Lemma 5.1 The pair (RM(A, 3), RM(A, 1)) satisfies the condition (1) and (2) of Hy- 
potheses I. 

[Proof] Set D = RM(4,3) and 5 = M(4,l). Condition (1) is clear. The weight 
enumerator of i?M(4, 1) is x 16 + 30x 8 y 8 + y 16 . We note that for any j3 G RM(A, 1) 
with weight 8, Dp and fJgc are [8, 4, 4]-Hamming codes. We always set if 7 = E 1 = D 7 
for 7 G RM(4, 1) with weight 8. If 7 = (0 16 ), then set H 7 — E 1 — {(0 16 )}. Let 
a, (3 G i?M(4, 1). We can always choose Hp, H a+ p, E a and E a c satisfying the conditions 
(2), (2.1) and (2.2) of Hypotheses I. 

Assume a = (0 16 ) or (l 16 ), then Dp = Dp +a or Dp © Dp +a C £). In particular, there 
is a direct sum if of 2 Hamming codes containing some maximal self orthogonal subcodes 
Hp and H a+ p. Set -Ems) = H. Clearly, since E a + E a c = H and Hp, Hp c C if, they 
satisfy the condition (2.3) of Hypotheses I. 

We next assume that the weight of a is 8. If /3 — (0 16 ), (l 16 ), a or a c , then set 
if (lie) = E a © £ Q c Then they satisfy (2.3). 
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The remaining case is that ct,/3, a + /3 have weight 8. Say a = (1 8 8 ) and (3 = 
(1 4 4 1 4 4 ). We use expressions 



Zl 6 = {(5i,5 2 , 53,54) :5eZ 4 }. 

Clearly, since E 1 = H 1 = £) 7 is a Hamming code for 7 e S with I7I = 8, we have 

E a = {(<5<50 4 4 ), (M c 4 4 ) : 5 e Z 4 even}, 
£ QC = {(0 4 4 cW), (0 4 4 cW c ) : 5 e Z 4 even}, 
^ = {(50W), (<50 4 <5 C 4 ) : 5 e Z 4 even}, 
= {(0 4 cW0 4 ), (0 4 M C 4 ) : 5 e Z 4 even}. 

Since 

(0 4 M0 4 ) - (50 4 50 4 ) = (cW0 4 4 ) and 
(0 4 <W C 4 ) - (50 4 5 c 4 ) + (<W0 4 4 ), 

we obtain i? a+ ^g + E a = Hp + E a and so (2.3). 

Q.E.D. 



Proposition 5.1 There are 16 mutually orthogonal conformal vectors {e 1 , e 16 } in Ve 8 
such that the decomposition 

Ves = © VI 

given by {e 1 , ...,e 16 } satisfies Hypotheses I, where 

(1) the order of P =< r e i : i = 1, 8 > is 32, 

(2) D Es = RM(4,l), S Es = D^ 8 , 

(3) (Ve 8 ) = Ve s i s isomorphic to a code VOA Me e% , 

(4) t(Ve s ) x = X- 



[Proof] We have already shown that there are 16 mutually orthogonal conformal 
vectors in Ve 8 satisfying the conditions (1) ~ (3). By Lemma 5.1, (De s , Se 8 ) satisfies the 
conditions (1) and (2) of Hypotheses I. Hence, they satisfy all conditions of Hypotheses I. 

Q.E.D. 

We next talk about the reverse of the above process. It is clear that we can reverse 
the process. However, there is another important step. Namely, let 



11 



be the decomposition such that ^/(° 16 ) = M^n. Let (3 be an even word so that < (3 > ± 
nS n S n -\ Set S^ 1 =< (3 > x f]S n and D"" 1 = (S^ 1 ) 1 . Then = ® ae s n V a is a 
sub VOA and the induced VOA 

is also a VOA containing M^ n _i. 

At the end of this section, we will explain properties of the automorphisms of a lattice 
VOA Vl for an even lattice L. Let L 2 denote the set of all elements of L with squared 
length 4. As we showed, for any a G L 2 , we can define two conformal vectors 

e + (a) = ^a(-l) 2 l + \(l(o) + t(-a)) 
e - (a) = ^a(-l) 2 l + |(t(a) + t(-a)). 

Then we have : 

Lemma 5.2 r e +( a ) = r e -( a ) on Vl- By setting r a = r e +( a ), we obtain [r a ,x(m)] = and 

r a : l(x) - (-l)^°> t (x). 

In particular, < r a : a G L 2 > is an elementary abelian 2-subgroup o/Aut(V^). If (a,b) is 
odd for a, b G L 2; then Tb(e ± (a)) = e T (a). 

[Proof] Since (a, L) G Z and (a, a) = 4, L C |Za© ~ < a > ± . In particular, we may 
view 14 C Vi Za © V"i <a> x. Recall (2.3) 

J 1 on a(-l)l, t((| + Z)a), t(Za) 
^ ' I -1 on t((±i + Z)a) 

for i = 1,2. Then, [r e ±( a ), x(m)] = 1 and 

r e±(a) : - (-l)^.(x). 
Therefore, we obtain the desired results. 

Q.E.D. 

Theorem 5.1 For g G Aut(S£ g ), there is an automorphism g of Ve 8 such that g(e l ) = 
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[Proof] First we note that Se 8 is isomorphic to the Reed Muller code RM(A,1), 
which is defined as follow: 

Let F = 7*2 be a vector space over Z2 of dimension 4 and denote (1000), (0100), (0010), 
(0001) by v 1 , v 2 , v 3 , v 4 , respectively. Define ((oi), (£>*)) = J^oA- The coordinate set of 
Reed Muller code RM(A, 1) is the set of all 16 vectors of F and the codewords of i?M(4, 1) 
are given by hyperplanes. It is easy to see that 

Aut(#M(4, 1)) = GL(5, 2)i = {g E GL{5, 2)1^(10000) = *(10000)} 

and it is generated by 

g(i) : v G F — *■ v + v l 
g(i,j) ■ v G F — > v + (v, vi)v l 

for i 7^ j. 

By reversing the above processes, we have a set of mutually orthogonal conformal 
vectors {e 1 , ...,e 16 } such that Ve 8 has the following decomposition: 

Ves = Mjji ® Indf 1 (H(^0)H(±0)) w.r.t. < e* : z = 1, 16 > . (5.11) 
Here E = H 8 ® H 8 . 

Choose g G Aut(<S£ g ). It is easy to see that g G A\§ and so ^(e^ 116 ^) = e^ 16 ). By 
Lemma 3.2, we may assume g G Aut(-Ds g ). For an Mo E -module W, g(W) denotes an 
Md e -module defined by v n g{u) = g(v^(u)) for v G MD Bg and u G W . Since 

g(M DEs ) © g(Vg) © g(V&) © g(V^) 

has a simple VOA structure with a positive definite invariant bilinear form, so does 

g(V Ea ) = ® a es E8 g(Vg) 

by Theorem 3.8. We note that <?(Ve 8 ) contains M De ^. Using the backward processes 
according to the sequence 

S b = g(S 5 ) D g(S 4 ) D g(S 3 ) D g(S 2 ) D ^S 1 ), 

we obtain a set {e 1 , ...,e 16 } of mutually orthogonal conformal vectors such that <?(Ve 8 ) 
has the decomposition 

g(V Ea ) = M D i © W w.r.t. < e\ 2 = 1, 16 >, 

where D 1 is the set of all even words of length 16 and W is an irreducible M^i-module 
with f(W) = (l 16 ). Since the signs of the actions of Mms) on a module U with f(U) 



13 



are changing in each step, we can conclude that W ^ Indf {H{\, (0 8 ))i7(|, (0 8 ))), which 
coincides with (5.11). Therefore, there is a VOA isomorphism 

: V Es - g(V Es ) 

such that 0(e l ) = e* for % = 1, 16. By the process of changing the coordinate sets 
according to 

s'DS 2 c...a 5 

and 

respectively, we have the desired automorphism of Ve 8 - 

Q.E.D. 

6 Holomorphic VOA 

Let V be a simple VOA containing a set of mutually orthogonal rational conformal vectors 
{e l : i = 1, n} with central charge | such that the sum of them is the Virasoro element. 
Set P =< T e i : % — 1, > and let V = Q) x eirr(P)V x be the decomposition of V into 
the eigenspaces of P. From Proposition 3.1, the space V p of P-invariants is isomorphic 
to Mjj for some even linear code D of length n. Assign a binary word a x = (aj) by 
x(e 8 ) = (— l) ai to Xi we can identify Irr(P) and a linear code 5 = {ct x : % G irr(P)}. As 



we showed in | Mi5 |, S 1 is orthogonal to D. We will treat the case S = D in this section. 



Theorem 6.1 If S = D ± , then V is the only irreducible V -module. 

[Proof] Let U be an irreducible V^-module. Since Mb is rational, U is a direct sum 
of irreducible M^-modules. Decompose U into the direct sum (BU 13 of M^-modules such 
that f(U p ) = (3. Since U p is a M D -module, (3 G = S and so U^ 7^ 0. Since U =< v n u : 
u G V Q , n G Z, a G 5 > for any ^ u G by jDM2| , =< t> n u : u G M D , n G Z > 
and so £7^ is irreducible M^-module. Since the restriction 



I 



U \ f U 

v u)~* \vp u p 



is inject ive, + 0. So we may assume (3 = (0 n ). Hence U 13 is isomorphic to a coset 

module M E + a for some word a G Z£. Using the skew symmetry, we can define a nonzero 
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intertwining operator I(v, z) G Im d ( y y^j with integer powers of z. By restricting 

it to U 13 , we have a nonzero intertwining operator I J (v,z) G Im d I ) for 

7 G S. Since its vertex operator has integer powers of z, a is orthogonal to 5* and so 

a G S(P) ± = D. Hence [/(° n ) is isomorphic to Mjj. Let q be a highest weight vector 

of jj(o n ) corresponding to the Vacuum. Since L(—l)q = 0, I(q, z) is a scalar and so 
. , / U \ 

I(q, z) G I I J gives an Afo- isomorphism of C/ to V. This completes the proof of 

Theorem 6.1. 

Q.E.D. 



7 Construction of the moonshine VOA 

In this section, we will construct a VOA V\ which will be proved to be equal to the 



moonshine VOA constructed in ||FLM2|| in the next section. In the section 5, we found a 
set of 16 mutually orthogonal conformal vectors {e l : i = 1, 16} of Ve 8 satisfying the 
following conditions: 

(1) D Es = RM(A, 2) 

(2) P =< r e i : i = 1, 16 > has the order 2 5 . 

(3) V p = M Des and S Es = D Es is generated by 

{(l 16 ), (0 8 1 8 ), ({0 4 1 4 } 2 ), ({0 2 1 2 } 4 ), ({01} 8 )}. (7.1) 

To simplify the notation, we denote De 8 and Se 8 by D and S in this section, respectively. 
We note that D and S are D(5) and 5* 5 in the section 4, respectively. For each codeword 
a G S, Ve 8 contains an irreducible M^-module Ve 8 q such that 

V E8 = ($VE 8 a (7.2) 
and lV° 16) = M D . Since V Es is a simple VOA, Theorem 3.6 implies 

for a, (3 G S. 

We note that all codewords of S except (0 16 ) and (l 16 ) have weight 8. We define a 
new code of length 48 by 

S k =< (ii6 i6 i 6)) (o^iegie^ ( i6 i6 ll6)) (a> Q> a) . a e s > (7 3) 
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The weight enumerator of is X 48 + 3X 32 + 120X 24 + 3X 16 + 1 and there is another 
expression: 

= {(a, a, a), (a,a,a c ), (a, a c , a), (a c , a,«) :«GS}. (7.4) 

Set = (S*) 1 - and call it "the moonshine code." Let's explain our choice of the codes 
and S^. We may be able to construct the moonshine VOA from another pair (£)', 5"), 
but (D\ S^) is very easy to handle when we calculate the characters of the elements of 
the Monster. Let's continue the construction. contains D 3 = {(a,/3, 7) :«,/?, 7 G D} 
and it is easy to see 

= {(a, (3, 7) : a + (3 + 7 G D, a, (3, 7 is even }. (7.5) 

Hence is of dimension 41 and has no codewords of weight 2. We note that a pair 
(D 3 , S^) satisfies the conditions (1) and (2) in Hypotheses I. Denote (10 15 ) by £1 and set 

Q=<(6ei0 16 ),(o 16 £ 1 £ 1 )>. (7.6) 

To simplify the notation, let R denote a coset module M^ l+D and RW denote the fusion 
product (tensor product) R x W. As we explained in the introduction, our construction 
consists of the following steps. 

At first, Ve 8 <8> Ve 8 ® Ve 8 contains a set of 48 coordinate conformal vectors 
{e^l^l, l®e J '®l, l®l<g>e fe : i, j, k = 1, 16}, 
where 1 is the Vacuum of Ve s - Decompose it into 

V E8 ® V Es ®V Es = (V Es a ® V E / ® V), (7-7) 

a,/3, 7 G5 

By the fusion rules, 

^= (V®V®V) (7-8) 

(a,/?, 7 )GS* 

is a sub VOA. Let's induce it to 

V 2 = Ind^iV 1 ). (7.9) 

We note that since {Q, S*) 7^ 0, a vertex operator of some element in V 2 does not have 
integer powers of z. In particular, V 2 is not a VOA. However, as Me>3 -modules, we have 

Indg +Q (^ 8 ® V£ ® VI) 
= (Vg®Vg 8 ®Vl)®(RVg®RVl®Vl) 

®(vg ® Rvl ® ayg,) © (ijyg, ® yg, ® Rvg). 
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Using (7.4), define W^'^ for (a, £,7) G as follows: 

w^ a ^ = V Es a ® V^ 8 a (g> VB 8 a , 

^ (a ' QC ' Q) = (RV E8 a ) ® Vg ® (i*Vkfe a ), 

Since all RV§ are irreducible M^-modules by Theorem 3.3, W^ a ^^' are all irreducible 
Mco-modules. Induce them into 

V x = \nd°\{W x ) (7.11) 

for x £ Si Finally, set 

\^ = 0(V*). (7.12) 

This is the desired Fock space. 

Since (D\ Sr) satisfies the conditions (1) and (2) of Hypotheses I, the remaining thing 
we have to do is to prove that 

V™ = M D t, © V x © V" © V x+ » 

has a simple VOA structure with a positive definite invariant bilinear form for any 

with dim < p,, \ >= 2. We note that since M^a © and @W {a ' a ^ c) are sub 

VOAs of Indjf 3 ' (6ei ° 16)> (M D 3 © PW Q ' a ' Q )), they have simple VOA structures with positive 
definite invariant bilinear forms. Take a sub VOA 

(y 1 )^ = M D3 © (V 1 )* © (Wf © (V 1 )^ 

oi V 1 and set 

W x '» = M D3 ®W X ®W^® W x+ " 

using (7.10). If < > is orthogonal to (£i£i0 16 ), then Ind{£ +<(£l * l0l6)> ((V 1 )X'' x ) is a 
VOA with the desired properties. Moreover it contains W x ^ as a sub VOA. Similarly, 
if < x, /x > is orthogonal to (0 16 £i£i) or (£i0 16 £i), then we have the desired properties. 
Therefore we may assume that x — («,«,a c ) and fi = (/3,/3 c , (3). Set 7 = a c + [3 and 
assume that Supp(a) fl Supp(f3) 7^ 0. Choose £ G Supp(a) PI Supp(fi). Then £ G Supp(j). 
Set ^ = (O'-HO 15 -*) and i2* = M D+St . Since 

(&&o 16 ) + (£i£i0 16 ) g D\ (60 16 6) + (£i0 16 £i) g d\ (o 16 6&) + (o 16 6£i) e D\ 
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we have 

Indg^VV ® ^'Ve 8 q ® VV") = Indg^y^ ® RV Ea a © y^), 
Indg(W fi / © V^/ c © i?Vk/) = Indgl(iflV ® V^" © W^/), 
Ind^y?/ © R'Ve^ © i^ 7 ) = Ind°l(V E ^ c © i^ 7 © i^ 7 ). 

Set 

7i = (660 16 ), 72 = (60 16 6), 73 = (0 16 66)- 

Since Supp(ji) C Supp(x)i Supp^) Q Supp(fi) and Suppi^z) C Supp(x + A 4 ); it 
follows from Lemma 3.13 that 

flW ® (v^r © i?^)" = My 1 )^), 

Since M D 3 © (yi)K",« c ) © (x^ 1 )^'^'^ © (y^^ovr) has a simple VOA structure with a 
positive definite invariant bilinear form, so does M D 3 ®a 1 i(V 1 Y a ' a,a °' ©<7 7 2((y 1 )^" sc " 8 )) © 
a 7 i +7 2((y 1)(t c -7,7)). Since 7 1 + 7 2 + 7 3 = 0, c^+^y 1 )^'™) = a^V 1 )^'^. Hence 
= M D s ®W^ a ' a ^ ®W^ C '^ ®W^ C '^ has the desired VOA structure and so does 
(yb)x,M 

Hence we assume Supp(a) PI Supp{(3) = 0. Then one of {a, /?, a + /3 C } is at least (0 16 ) 
since G S 1 . Set 7 = a + /3 C . So we may assume a = (0 16 ) and 7 C = It follows 
from the structure of D that there is a self dual subcode E of D 3 which is a direct sum 
©i = i of 6 [8, 4, 4]-Hamming codes i? 1 such that i*^ = {a G £ , |S , Mpp(a) C Supp(5)} is 
a direct factor of E for any 5 G< /3, 7 >. In particular, there are M^-modules U a , U@, 
U 1 such that 

Ind^(^) = 

Ind^V 7 ) = (y^) (7C ' 7 ' 7) . 
In the following, we assume \/3\ = 8. We can prove the assertion for (3 = (0 16 ) or (3 = (l 16 ) 
by the similar arguments. We may assume (3 = (1 8 8 ). As we showed in §5, we have a 
VOA U = Ve 8 ( ° 16) ®V Ee {lS ° 8) ©Ve 8 ( ° 8i8) ©Ve 8 (i16) with a positive definite invariant bilinear 
form such that 

^ 8 (0l6) = lnd^(^(|,(0 8 ))©if(i,(0 8 ))) 

yE 8 (l8 ° 8) = ind^(if(^,6)®^(i6)) 
y £8 ( o8l8 ) = ind^(^(i,6)©^,6)) 

^ 8 (lie) = Ind^(^(^,(0 8 ))©i7(^,(0 8 ))), 
where F = Dna s^ © D( s 1 s) is a direct sum of two Hamming codes. In order to simplify 
the notation, we omit the notation " © " between H(*, *) and H(*, *). In particular, 
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U = H(l (0 8 ))tf(±, (0 8 ))®H(±^)HC 1 ^i)®H(l^ 1 )H^^ l )®H(^ (0 S ))H(± (0 8 )) 
has a VOA structure with a positive definite invariant bilinear form. Since W^ a ' a ' aC ^ is 
given by RV Es a <g> RV Ea a ® V^, 

CP = H(l (0 8 ))tf(±, (0 8 ))#(^, (0 S ))H(± (0 8 )). 

We similarly obtain 

= H{± (o 8 ))i?(|, 6)fc(i (o 8 ))# (|, 6) 
en = ^(^,6)^(1,6)^(1^1)^(^^1)^(1,6)^,6)- 

By changing the order of the components, (123456) — > (243516), we have 

M E = H(l, (0 8 ))tf(±, (0 8 ))iJ(±, (0 8 ))tf (±, (0 8 ))tf (|, (0 8 ))tf(|, (0 8 )), 
17" = H(l (0 8 ))#(±, (0 8 ))iJ(±, (o 8 ))# (±, (o 8 )), 

^ = H(i fa))H(± mmh &) (o 8 ))^(^, (o 8 ))^(|, (6)), 

^ = if (§, (6))# (§, (o 8 ))#(|, (a))- 

By Lemma 3.8, there is another coordinate set of conformal vectors {d 1 , <i 8 } in M# 8 
such that 

#(§, (6)) w.r.t. <e l > #(^,(0 8 )) w.r.t. < cf > 

#(^,£i) w.r.t. <e l > #(±, (6)) w.r.t. < cf > 

H(±(0 8 )) w.r.t. <e*> ^ (&)) w.r.t. < cf > . 

Changing the coordinate sets, we have 

< 6) = Ind^(i7(|,(0 8 ))©F(|,(0 8 ))) 

v£ BoB) = «0) ® (o 8 ))) 

< l8) = Ind^(F(i,(0 8 ))®i7(i,(ei))) 

^r^ 1 ^^^,^))®^^,^))) 

with respect to {d 1 , ...,d 8 ,d 9 , ...,d m }. Therefore, [7 = M E © C/ Q © t/^ © W is a subset of a 
VOA Ve 8 <S>Ve 8 <S>Ve 8 . It is also easy to check that U is closed under the products. Hence, U 
is a VOA with a positive definite invariant bilinear form and so does {V^) x '^ = Ind# (U). 
This completes the construction of VK 

Q.E.D. 

Corollary 7.1 has a positive definite invariant bilinear form. 
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Remark 3 Because of our construction, a VOA satisfying Hypotheses I is a direct sum of 
the tensor product of L(~, 0), L(|, |), L(^, •jg) and we fcnow the multiplicities of irreducible 
L(|,0)® n -modules by Theorem 3.2, (c.f. Corollary 5.2 in \Mi3\j ). Hence it is not difficult 
to calculate its character 

ch v (z) = e 2mz/irank{v)) {J2 dimV n e2niZ )- 

n=0 

For example, let's show {V^)\ = 0. We first have (M D \>)i = since D* has no codewords 
of weight 2. Also, if (V^)* ^ 0, then the weight of x is equal to 16 and so x is one °f 
(1 16 16 16 ), (0 16 1 16 16 ) or (0 16 16 1 16 ). Say X = (1 16 16 16 ). Since (V*)* = Ind£s (V^P <g> 
Md e +^ © Md b +£j and D* does not contains any words of the form (a, the 
minimal weight of (V^) x is greater than 1. Therefore, we obtain = 0. 



8 Conformal vectors 

Since each rational conformal vector e E V with central charge | offers an automorphism 
T e , it is very important to find such conformal vectors for studying the automorphism 
group Aut(V). Therefore, we will construct several conformal vectors of explicitly 



8.1 Case I 

Set £>i =< H 8 ®H 8 , (fifi) > and S =< (l 16 ) >, where & = (10 7 ). Then the pair {D u S) 
satisfies the conditions (1) and (2) of Hypotheses I. Set 

U = H (~ 0)H(± 0) © J7(i Ci)H(l Cl ) #( J_ 0) © #(1, 0)#(1 6). 

U is a sub VOA of Ve 8 - It is easy to see that dim(if (|, 0)i?(|, 0))i = and 
dim(iJ(|,ei)F(iei))i = dim(if(^, 6)^(^,0))! = dim(if(i 0)if(i &))i = 1. Hence 
U\ is isomorphic to sl{2). Viewing £i))i as a Cartan subalgebra of sZ(2), 

H(tE' 0)©H(jg, 0)H(j£, £i) contains two roots l{x) and i(— x). Take a sub lattice 

VOA of type A\ generated by U\, we may obtain the following elements: 

a;(-l)l£ 

t(a;) + t(-aO e (#(^,6)#(^,0))i, and 

t (x)- t (-x)6(fr(i,6W^,o))i. 

Take another copy of them and set 

y(-l)le(if(i,£iM!,6))i, 

+ e W^^iW^O)),, and 
t(y)-t(-y)6(^(i eiWi,0))i. 
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Then we have 

l(±x) ® t(±y) + l(tx) ® fc(=R/) e H(^,0)H(^,^)H(^,0)H(^,^) 

x(-i)y(-i) e if(i,6)^§,6)#(§,6)#(t,6), and 

x(-l) 2 l, 2/(-l) 2 l G #(§, 0)^(1,0)^(1,0)^(1,0). 

Since (x ± y,x ±y) = 2, e + (x ± y) = ^(x ± ?/)(— 1) 2 1 + ± y) + t(— a; =F 2/)) and 
e"(x±y) = jq(x ±y)(— 1) 2 1 — l(t(x±y) + x=Fy)) are rational conformal vectors with 
central charge |. Hence, we obtain four rational conformal vectors e ± (x ± y) in 

#(i,o)#(i, o)^(|, o)#(i,o)e#(i, 6)#(|, 6)#(i6)#(i> 6) 
© ff(i,o)if(i,6)^(i,o)F(i, 6) ©i7(i, 6)^,0)^(^,6)^,0). 

8.2 Case II 

We first treat the first component V# 8 <g> 1 © 1 of V^ 8 ® V# g © Ve 8 . We denote -De 8 , 
S'sg and Ve 8 by S 1 , V here, respectively. Let a,/3 G 5 so that |a| = = \a + (3\. 
By rearranging the coordinate sets, we may assume a = (l 8 8 ),/5 = (1 4 4 1 4 4 ). As we 
showed, V contains a sub VOA 

U = M D © V aC © V p ° © V a+P 

for a,j3 E S. Since -D Q , -Dg and D a+ p are all isomorphic to ifg, the multiplicities of the 
irreducible L(§, 0)® 8 -modules in V° c © © 1/ Q+/3 are all one by Theorem 3.2. Hence 
dim(V AQC )i = dim(V^ c )i = dim(y a+/3 )i = 8. Since D does not contain any words of 
weight 2, (Mfl)i = and so (V qC )i, (V° c )\ and (y a+/3 )i are all commutative Lie algebras. 
Since U is a sub VOA of a lattice VOA V of rank 8 and so U\ is isomorphic to s/(2) 8 . 
Viewing (V a+ ^)i as a Cartan subalgebra and embedding it into a lattice VOA V A s of 
root lattice Af, we denote the positive roots by t(xs) and the negative roots by 

t(— Xi), t(— Xg). In addition, we may assume 

Xi(-l) G ^ +/3 

fcfc) + t(-Zi) e V?" 
t(iCi) - «.(-£») G Vf c 

for i = 1, 8. 

We next treat the second and third components of Ve % ®Ve % ®Ve%- By the similar argu- 
ments as in the construction of the moonshine VOA, M D i © W^ a) © W^^ © W^ a+P ' a+ ^ 
has a simple VOA structure, where W^ a) = RVS © RVS, W /(/3 ' /3) = RV% © RV% and 
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W (a+p, a +p) = y*+P y*+P_ g et F = {(^ ^ . a / + ^ e ^ a / ; ^ eyen } Then M ^ doeg 

not contain any roots and D®F C /X Set f/ 7 ' 7 = Indjjf 2 (W 7 ' 7 ) for 7 £ {a, /?, a+(3}. By 
Theorem 3.7, we have a VOA [/ = M F ®U a > a ®U a+ ^ a+l3 . Since |F (aa) | = |F (/3/3) | = 

|F((Q, +( g)(Q, +J g))| = 2 11 , the multiplicities of irreducible L(|, 0)® 16 -submodules is 8. Hence, 
dim^ 7 ' 7 ) = 8 for 7 £ + Set t/( l32 ) = Ind}^ (RV E8 {116) ® i?^ 8 (116) ), t/ aC ' aC = 

kdj* ^ = Ind^ 2 (^/©^/) andV+A^ = Ind^ittV^ ® 

W £8 Q+/3C ). Then, X = Mp © f/( 116 )>(i 16 ) © U a ' a © f/^ © f^+^+z 3 © U aC ° c © © 
ua +p°,a+p° has a VOA structure. Since (M F © [/( ll6 )-( ll6 )) 1 = 0, (U a+ ^' a+0c © C^+A**-/^ 
is of dimension 16. Since X is a sub VOA of a lattice VOA 1/ of rank 16, Xi is isomorphic 
to s/(2) 16 and E/i is isomorphic to s/(2) 8 . Viewing (U a +P> a +P') l as a Cartan subalgebra 
and embedding them in a lattice VOA V^s of the root lattice Af, we denote the positive 
roots by i(yi), L(y 8 ) and the negative roots by t(— yi), i(—y 8 ). We may also assume 
that 

yi(-l) g (f/ ^+/3 )l 

+ e (£/ qC ' qC )i 

ifo) - *(-!/,) e (^ c,/3C )i 

for i = 1, 8. 
Set 

w a = vf s © u a > a , 

W 13 = © and 

Then 

= M DffiF © F © W 13 © 

is a sub VOA of VK We have 

y,(-l) 2 £ M F , 

x 4 (-l)^(-l) £ W a+l3 , 

0(V) + + G W Q and , 

By the same arguments as in the case I, we have 32 mutually orthogonal conformal vectors 

d 4i ~ 3 = + ^X- 1 ) 2 ! + JW^ + f*) + ~ ^)) 

ci 4 *- 2 = + ?/)(-l) 2 l - + y*) + - j/*)) 

d«-i = _ ^)(-l) 2 l + f - y*) + l(-x 1 + y*)) 
d Ai = ^(x i - ^)(-l) 2 l - \{l(x 1 - y*) + l(-x 1 + y*)) 

in V 1 , where t(x l + y l ) denotes t(x l ) © i{y 1 )- 
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9 Automorphism group 



In this section, we will prove that the full automorphism group of is the Monster simple 
group. We first quote the following two theorems about the finiteness of automorphism 



group from [Mi4 



Hypotheses II 

(1) V = E*=o K is a VOA over R. 

(2) dimVb = 1- 

(3) V x = 0. 

(4) V has a positive definite invariant bilinear form ( , ). 

(5) The Virasoro element is a sum of mutually orthogonal conformal vectors with central 
charge \. 



Under the above Hypotheses II, we recall the following results from ||Mi4 



Theorem 9.1 Let e, f be two distinct conformal vectors with central charge |. Then we 
have 

(e,/)<— and (e - /, e -/)>-. 
In particular, there are only finitely many conformal vectors with central charge \. 



[Proof] Using the product ah = a\b and the inner product (a, b)l = a%b for a, b G V2, 
V2 becomes a commutative algebra called Griess algebra. Let V2 = Re © Re 1 - be the 
decomposition of V2, where Re 1 - = {v £ V2\(v,e) = 0}. For /, there are r 6 M and 
w G Re 1 - such that 

f = re + w. 

Since (ew, e) = (w, e 2 ) = (w, 2e) = 0, we have ew G Re 1 - and so 

2re + 2w = If = f = {r 2 2e + w 2 } + {{w 2 - w 2 e ) + 2rew}, 
where w 2 e denotes the first entry of w 2 in the decomposition Re © Re x . Hence, 

r 2 /2 + (e, wl) = (e, 2r 2 e + w 2 e ) = (e, f 2 ) = (e, If) = (e, 2re) = r/2 
and so (e,w 2 ) = r(l — r)/2. On the other hand, 

\ = (f,f)=r 2 ^ + (w,w), 
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and so (w,w) = |(1 — r 2 ). Since < e >= L(~,0) and every irreducible L(|, 0)-module 
is isomorphic to one of L(|, 0), |), ^) and w — e is a sum of rational conformal 
vectors with central charge |, the eigenvalues of £(0) — ei is nonnegative. Hence, the 
eigenvalues of e\ on V 2 is 0, 1,2, |, ~ + l, ^, i + 1. If eit> = (~ + l)u or (^ + l)t>, then then 
e2f 7^ 0, which contradicts to e 2 v G Vi = 0. If eii; = 2v, then 7^ 0, which contradicts 
to v G Me -1 . If eif = then v G (L(|,0))i = 0. Hence, the eigenvalues of e on IRe -1 are 
0, |, or ^. Hence, we obtain 

r/2 — r 2 /2 = (e, w 2 e ) = (e, u> 2 ) = (we, w) < -(w, w) — -(1 — r 2 ) 

2 8 

and so 3r 2 — 4r + 1 > 0. This implies r > 1 or r < |. If r > 1, then it contradicts (w, w) > 
0. We hence have r < | and so (e, /) < ^, which implies (e — f , e — f) > |. Hence, there 
are only finitely many conformal vectors with central charge | since {v G V^KfjW) = 4} 
is a compact space. 

Q.E.D. 

Theorem 9.2 JfV satisfies Hypothesis II, then Aut(V) is finite. 

[Proof] Suppose false and let G be an automorphism group of V of infinite order. 
Since G acts on the set J of all conformal vectors with central charge \ and J is a 
finite set by Theorem 9.1, we may assume that G fixes all conformal vectors with central 
charge |. In particular, G fixes all coordinate conformal vectors e l for i — 1, ...,n. Set 
P =< r e i : i = 1, ...,n >. By the definition of r gl , P is an elementary abelian 2-group. 
Let V = ® v e/rr(p)^ x be the decomposition of V into the eigenspaces of P, where Irr(P) 
is the set of all linear characters of P and V x = {v G V : gv = x{9) v ^9 £ -P}- As we 
mentioned in the introduction, f(V x ) = (ai,...,a n ) is given by (— l) ai = x( e *)- Since G 
fixes all e % and g~ x r e ig = T g t e i\ for g G Aut(V) by the definition, [G,P] = 1 and so G 
leaves all V x invariant. In particular, G acts on V l °. We think over the action of G on 
V la (= V p ) for a while. Set T =< e\...,e n >^ L(|,0)® n . Since dim^, = 1, T is the 
only irreducible T-submodule of 1/ isomorphic to L(i,0)®. By the hypotheses, V has a 
positive definite invariant bilinear form and so V p is simple. Hence, V p is isomorphic to 
a code VOA Mp for some even linear code D. In particular, V p is a direct sum of finite 
distinct irreducible T-modules M Q . Since T is generated by {e l : i = 1, ...,n} and G fixes 
all e l , G fixes all vectors of T and so the action of g G G on M a is a scalar A a . Since V 
has a positive definite invariant bilinear form, we have 7^ (v, v) = (g(v), g(v)) = A 2 (v , f ) 
and so A Q = ±1. Since \D\ is finite, a finite index subgroup of G fixes all vectors of V p . 
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So we may assume that G fixes all vectors in V p . Since V x is a irreducible ^ p -module 
by |pM2 ], g G G acts on V x as a scalar A x . By the same arguments as above, we have a 
contradiction. 



Q.E.D. 

In §3, we proved that we can induce every automorphism of D into an automorphism 
of Md. We will here show that we can induce every automorphism of S^ into an auto- 
morphism of V^. 

Lemma 9.1 For any g G Aut^), there is an automorphism g ofV^ such that g{e l ) = 

[Proof] By Lemma 3.2, we may assume that g is an automorphism of M D ^. Let 
g((V^) x ) be an M^-module defined by v m (g ■ u)) = g ■ (g^ii^mu) for v G M D t, and 
u G (V)*. Clearly, f(g((V^) x ) = g-\x) and 

has a VOA structure containing g(M D \i) = M D \, by Theorem 3.8. We will prove that there 
is an Mot, -isomorphism 

tt x : g{{V*Y) - (VY X) 

for x ^ S ■ Then, by the uniqueness theorem (Theorem 3.3), there are scalars A x such 
that 

(f) : g{V^) -> 

given by = \ x ttx 011 9({V^) X ) is a VOA-isomorphism. Hence, g(v) = <p(g ■ v) for v G V' 
is one of the desired automorphisms of V^. 

Since S"^ = {(a, 7) : 7 G Se 8 ,/3, 7 = a or a c }, Aut(S' t| ) = S 3 x Aut(Se g ), 
where S3 is the symmetric group on three letters. As we showed in §5, Aut(So 8 ) — 
GL(5,2)i = {g G GL(5,2) : #'(10000) = '(10000)}. In particular, # leaves L> 3 = D Es © 
_D^ g © De s and invariant. Set x — ( a i/3,l)- We first assume that g G S3. Since 
(yl)x = Ind^liW^'^) and is given by (7.10), we have g(W ( - a ^) = W 9 ^'^ 

as M^-modules and so we have the desired isomorphism for g G S3. Now, assume 
g = (h,h,h) with h G Aut(S Bg ). Set j = h{l). By Lemma 5.1, h(Vg) 2* and so 

g ( W (a,a,a)^ ^ w (h(a)Ma)M<*)) . Hence, we may assume x = (a,a,a c ). By the definition, 

3(W/(<w* c )) = h(RVg) © fr(i*V£) © /i(^ g c ) 



55 



as M De& ® M Des <S> M Des -modules. Since R = Md e h(R) = Md e where £j = 
(Qi-iio 16 ^). Since + ^,6 + £j,0 16 ) G D", (i? x <g> (R x g> M Dj5g is a 

submodule Md3 + (^ 1+ ^.^ 1+ ^. )0 i6) of M D i, and so we have 



g(V*) x = c/(Ind^3 Py( a ' Q ' aC )) 



Indg^(/i(i2))VS,) ® (h(R))V« a) ) ® 



Q.E.D. 

Let A be the Leech lattice and let Va be a lattice VOA constructed from A. The 



following result easily comes from the construction of V\ in |[FLM2 



Lemma 9.2 Aut(y A ) = ((M x )® 24 )Co.O, where R x = R - {0} is the multiplicative group 
ofR. 

[Proof] Since (Va)i is a commutative Lie algebra MA of rank 24 and exp(a(0)) = 
Y^Lo * s an automorphism acting l(x) as exp((a,x))i(x) for a G (Va)i and x G A, 

we have an automorphism group IR X ® 24 , which is a normal subgroup of Aut(V/v). On 
the other hand, Frenkel, Lepowsky and Meurman |FLM2| induced g G Aut(A) into an 



automorphism of the group extension A = (±t(x) : x G A} and also into an automorphism 



of V\ using cocycles. Hence, V\ has an automorphism group (M xfcy24 )Co.O. We note that 



this is not split extension. Conversely, choose g G Aut(VA_) — (M x ® 24 )Co.O, then g leaves 
(Va)i invariant and so it leaves a sub VOA < (Va)i > of free bosons and so g acts on the 
lattice of highest weights of < (Va)i > in Va, which is isomorphic to the Leech lattice. 
Multiplying an element of Co.0, we may assume that g fixes all highest weights vectors 
l(x) : x G A up to scalar multiple and so g commutes with x(0) for x G L. Hence, g fixes 
all elements of (Va)i and so g G (M x ® 24 ). 

Q.E.D. 

Theorem 9.3 Aut(V^) is the Monster simple group. 

[Proof] As we proved, the full automorphism group of is finite. Set 5 = r e ir e 2 
and decompose into the direct sum 

v* = v + © v~ 
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of the eigenspaces of 5, where V ± = {v £ V' : 5(f) = ±t>}. By the definition of r 6i , 

v + = Yl ( v ^ a - 

aeS 1 ', (a,(110 46 )>=0 

Set S A =< (HO 46 ) > x nS^ and D A = S'f . Since 

= {(a,P,i) : a,/3,7 £ Ss 8 ,/9,7 e {« ; " c }} 

and 

5 B8 =< (l 16 ), (1 8 8 ), (1 4 4 ) 2 , (1 2 2 ) 4 , (10) 8 >, 
we have the expression: 

1 S A = {(a 1 ,...,a 24 )£^:a i = (00),(ll)}. 

In particular, 5 is equal to 7~g2m— 1 7~g2m for m = 1, 24. It is straightforward to check that 
V + has the structure given in Hypotheses I for S = S\ and D = D\ Since is larger 
than D, we can construct an induced VOA 

V A = lnd^(V + ). 

Since (Sa) -1 = D\, V\ is a holomorphic VOA of rank 24 by Theorem 6.1. It follows from 
the direct calculation that the codewords of Da of weight 2 are 

{(110 46 ), (00110 44 ), (0 46 11)}. 

We assert that {lnd^{V^) a ) 1 = for a ^ 0. Suppose (Ind^(V^) a )x ^ for some a. 
Then \a\ = 16 and so a is one of (1 16 32 ), (0 16 1 16 16 ), (0 32 1 16 ), say a = (1 16 32 ). Since 
{V^) a is given by Ind^| (V^* •* ®M£) Bg+ g 1 <g> Md Es + ^ ) and -Da does not contain any word 
of form (Ind^(^) Q )i = 0. Consequently, 

G = (V A )l = (M Da )i = © Qe D A ,|a|= 2 (M Q ) 1 

is a commutative Lie algebra of rank 24. and < (Va)i > is a VOA of free bosons of 
rank 24. We note that Q has a positive definite invariant bilinear form (-,-) given by 
V\U = (v,u)l since V\ has a positive definite invariant bilinear form. Hence, CV\ is 
isomorphic to a lattice VOA CVa of the Leech lattice A by ||Mo|| . More precisely, we will 



show the following lemmas in order to continue the proof of the theorem. 
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Lemma 9.3 V\ is isomorphic to the lattice VOA Va of Leech lattice given in Proposition 
2.2. In particular, we can choose a set of mutually orthogonal vectors {x 1 , x 24 } in A 
of squared length 4 such that 

e 2 ^ = l^'(-l) 2 e + (-lY(i(x j ) + i(-x')) 
lb 

for j = 1, 24 and j = 0, 1. Moreover, (6i6i6 2 6 2 ■ ■ • ^24^24) G Sa if and only if there is 
(ai) G Z 2 , 4 such that x = \ ^ a^x 1 + jYl ^iX 1 G A. 

[Proof] Set 

W = {v G Va : x(ri)t> = for all x G and n > 0}. 

Then the actions of {x(0) : x G on CW is diagonalizable since £ is commutative. Let 
L be the set of highest weights of Q in CW. It is easy to see that L is an even unimodular 
positive definite lattice without roots since (Va)i = 0. Hence, L is the Leech lattice and 
CV A = CV A . 

On the other hand, from Theorem 4.1, Va has a positive definite invariant bilinear 
form and it also has a Z,2-grading 

V A = (yY &> ® Va 

by the definition of induced VOAs, where = M( 110 46) +D i f x (V^) <5> . 

Let 6 be an automorphism defined by 1 on (V^) <&> and —1 on V^ . Since 6 is acting 
on (Va)i as —1 and so it is equal to the automorphism of CVa induced from —1 on A. Set 
V = (V^) <5> © y/-Wx- It is also a subVOA of CVa- Let l(x) denote a highest weight 
vector of Q in CVa with a highest weight x G A. Namely, w(0)t(x) = (u,x)t(x) for u aQ. 
We note that #(t(x)) = (— l) fc t(x) for (x,x) = 2k. As a ^-module, the space W of highest 
weight vectors is a direct sum of irreducible ^-modules W l whose dimension are less than 
or equal to 2. If dim IV 1 = 1, then CW 1 = Cl(x) for some x G A. If dimW^ = 2, then 
CW 1 = Ct(x) + Ci(y). Since W l is irreducible, l(x) and u{y) are in the same homogenous 
space C(Va)/c for some k. Since CQ = CA, we have Zx = Zy and so y = —x. So W l 
has a basis {at(x) + x),ci(x) + x)} for some a,b,c,d G C. We may assume 
that a G R. Since Va has a positive definite invariant bilinear form, we have assume 
that {^(cu(x) + x)), ^(ct(x) + di{— x))} is an orthonormal basis. Therefore, 6 = 
(-l) fc a _1 , d = (-l) fe c _1 and arf+6c = (—l) k (ac~ 1 +a~ 1 c) = 0. Hence, a 2 = -c 2 > and so 
we have c = y^la and d = -y^lb. Since Clf' = Ci(x) + Ct(-x) and W i = CW i n Va, 
# keeps W l invariant. Hence, 9(ai(x) + (— l) fc a _1 t(— x)) = a _1 t(x) + (— l) k ai(— x) G 
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W % and so we have a = ±1. Hence, t(x) + (— x), v^— T(^(x) — (— l) fc i(— x)) G 
and y/—lx(0) G for x G A. Consequently, Va coincides with the lattice VOA V\ 
defined in Proposition 2.2. We recall the structure V Zx = L(|,0) ® L(|,0) © L(~, ~) ® 
L(§,~) and (L(|, §) ® L(|, = Ry/-lx{-l)l for a VOA V% x with (x,x) = 4. Since 
(V A )i = (M Da )x = ®^ 1 (M €K _ 1+(ai ) 1 , e 2 > - e 2 ^ 1 G L = {v G Va|x(ti> = for all x G 
(Va.)i and n > 0} and M(e 2j ' -e 2 ^" 1 ) + v ^lRx j {0){e 2j - e 2 ^ 1 ) is irreducible £-submodule 
of L. Hence, by the above arguments we have 

e 2 ^ = ^(-1)V + (-l)^(x') + t,(-xf)) 

for some x- 7 G A. Since 

= (e 2 ^ 1 + e^'Me 2 * - e 2 '" 1 ) = -^-(x J , x fc ) 2 (.(x fc ) + .(-x fe )) 

64 

for k ^ j, we have (x J , x fc ) = 0. Namely, {x 1 , x 24 } is a set of mutually orthogonal 
vectors of A with squared length 4. If y — ^2 CiX % G A, then q G |Z. Assume that 

2/ = | X) + I 5^ a i xl * s i n ^ an d se ^ ^ = ^<x 1 ,...,x 24 >+ y an d ^ — < e 2j ' -1 , e 2j >. As we 
showed in §2, 

(1) 6j = 1 if and only if irreducible T J -submodule of W is isomorphic to ^). 

(2) bj = and = 1 if and only if irreducible T J -submodule of W is isomorphic to 
L(f,±)®L(±,0) or L(i,0)®L(i,i). 

(3) hi = and a, = if and only if irreducible T-'-submodule of W is isomorphic to 
L(|,0)®L(i,0) or L(i,i)®L(i,i). 

In particular, we have • • -^24^24) G Sa- 

Conversely, if 7 = ••• ^24^24) G Sa, then < (Va)i > acts on (Va) 7 and so 

(Va) 7 flL ^ 0. Hence, by the above arguments, there is an element x G A such that 
l{x) G V A or t(x) + (-l)l x l/ 2 i(-x) G (V\) 7 . We can also find (a,) G Z 24 such that 

X g CtjX -|- 7 6jX . 

Q.E.D. 

Lemma 9.4 For any y G A squared length 4, Te(y)+ = r e(y)- Aut(VA.) one? T e ( y )+ G 
< ±1 >® 24 C (M x )® 24 . 

[Proof] Since Co.O acts on the set of all vectors in A with squared length 4 transi- 
tively, we may assume that y = x 1 and e(y) + = e 1 and e(y)~ = e 2 , where {x 1 , ...,x 24 } is 
the set defined in the above lemma. By the arguments in the proof of the above lemma, 
it is clear that T e (y)+ = T e(y)- ■ Since r e u(x) = (— 1)^ ,x h(x) and [r e i,x(— n)] = 0, we have 
r e i G < ±1 > ffi24 . 
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Q.E.D. 



Let's go back to the proof of the theorem 9.3. Set V A = {V^) s © y/^lV~ . By the 
proof of Proposition 2.2 and the above lemma, V\ is isomorphic to a lattice VOA of the 
Leech lattice which is given by the ordinary construction. Let 9 be an automorphism of 
V A defined by 1 on (V^) 5 and -1 on s/=lV~ . We identify (V^ <5> and V^. Let J be the 
set of all rational conformal vectors in (V^) <s> with central charge |. Set 

=< T e : e G J >C Aut(^), 
K =< T e : e G J >C Aut((^) <5> ) and 
i^A =< T e : e E J >C Aut(VA). 

Set G = Aut(V^) and H = Aut(V A ). By Lemma 9.2, H ^ (M x ® 24 )Co.O and 
C^(< >) = 2 24 Co.O. Clearly, C C G (< 5 >) and K k C C H (< >). 

By the restrictions from to (V^) <5> and from Va to V A <9> , we have epimorphisms 
^ :K^K and vr A : A A -> A'. By |DM2| , Ker{^) =< 5 > and A"er(vr A ) =< 9 > DK A . 
So we have the following diagram: 



G = Aut(yl) Aut((y^)' 5 ) # = Aut(VA) 




1 



First, we will show that K A % 2 24 <9>. Let g be a permutation on 48 letters {1, ...,48} 
such that g fixes all 1 + 2m and 3 + 2m and switches 2 + 4m and 4 + 4m for m = 0, 11. 
It is straightforward to check that g is an automorphism of S^. By Lemma 9.1, there 
is an automorphism g G Aut(V^) such that g(e l ) = e 9 ^ l \ Set 5' = r e ir e 4 (= g(5)) and 
L' A = g(L\) and then apply the above arguments. By the above lemma, there is a set of 
mutually orthogonal vectors {x l , ...,x 2A } in A of squared length 4 such that 

e*-* = ^(-1)M0) + (-iy\(^ j ) + t,(-£>)). 

It is easy to see that 7 = (0 8 1 8 8 1 8 8 1 8 ) G 5 A . Since ((V^) 7 ) 2 ^ 0, there is y G A 
of squared length 4 such that (y,x l ) = 1 (mod 2) if and only if % G Supp{^). Then 
e(y) = l) 2 i(0) + \{i{y) + i(—y)) is a rational conformal vector in (VA) <e,TEl ' Te2 ''"' Te8> . 
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In particular, g(e(y)) G {V^) <s> . Since (y,x 5 ) = 1 (mod 2), we have r e ( y )(t(±x 5 ) = 
— i(±x 5 ) and so r e r y \ switches e 9 and e 10 . On the other hand, g fixes e 9 and switches e 10 
and e 12 . Hence, Tg(e(y)) switches e 9 and e 12 and so Tg( e (y)) does not belong to 2 24 < 6 1 >. 

Since i^A is generated by all conformal vectors in (Va) <9> , 1£a is a normal subgroup 
of C H (< 9 >) = 2 24 Co.O and so we have K A = C H {< >). Hence, if ^ 2 24 Co.l and 
so we have = 2 1+24 Co.l. If 2 (K^) is an Abelian 2-group, then 2 1+24 =< 5 > ©Z 24 
as a Co. 1-module. Let y be a vector of A of squared length 4 and (y,x 2A ) = 1. Then 
e ± (?/) G (yb) <<5> and r e +^ fixes 5 = r e ir e 2 = r e 47r e 48 and switches e 47 and e 48 . 

By Lemma 9.4, r e 47,r e 48 G 2 1+24 . Since 5 = r e 47r e 48, we may assume e 47 G Z 2 . 4 and 
e 48 G" Z 24 , which contradicts that T e i y \ switches e 47 and e 48 . Hence, 2 1+24 is a non-abelian 
and so 2 1+24 are isomorphic to a central extension of A/2A using the inner product, since 
Co.l acts on faithfully. By Lemma 9.1, AuttV 1 ') contains a subgroup whose restriction 
on {e 1 , e 48 } is isomorphic to GL(5, 2)i x S 3 , where S3 permutes 3 components of V|? 3 
and GL(5,2)i = {A G GL(5,2) : Av = v for v = '(10000)}. Set 5 1 = r e ir e a and B 2 =< 
5,5i >. Denote 5 and 881 by 5 and 8 2 , respectively. Since a subgroup of GL(5, 2)i 
acts on {60,61,62} transitively and e 3 is given by a vector of A of squared length 4, we 
have N Aut(vii) (B 2 ) = 2 2+12+22 (S 3 x M 24 ) from the structure of C Aut(y ^(8) = 2 1+24 Co.l. 
Similarly, all nontrivial elements of B 3 =< r e ir e 2, T e iT e a, T e iT e s > are conjugate by the 
actions of GL(5,2) 1 C Aut(V^) and so N Aut(vti) (B 3 ) = 2 3+6+12+18 (3 1 S 6 x L 3 (2)). By the 
same arguments, we can calculate the normalizer of B 4 =< r e ir e 2, T e iT e s, r e ir e 5, r e ir e 9 >. 
We leave these calculation to the reader. 

We will next prove that Aut(V^) is a simple group. Let H be a nontrivial minimal 
normal subgroup of Aut(V^). Then C#(<5j) is a normal subgroup of C(Si) = 2 1+24 Co.l for 
i = 0, 1, 2. Hence, C^(<5 4 ) = 2 1+24 Co.l or C H (8i) = 2 1+24 or C H (&i) =< $ >• We note that 
5i (i = 0, 1, 2) are conjugate to each other in Aut(V^) and so Ch(6{) = Ch{6q) for i = 1, 2. 
In any cases, 6i E H and so C#(5j) 7^< 5j > since ^ G< C#(5i) : z — 1,2,3 >= i/. If 
P = C H (6i) = 2 1+24 then P is a Sylow 2-subgroup oiH. Since |P : C P (6 2 )\ = 2 and C P (5 2 ) 
is not abelian, [Cp(8 2 ), Cp(8 2 )] =< 81 >, which contradicts [Cjj{8 2 ), Cjj{8 2 )] =< 8 2 >. 
Hence we have Cn{8i) = 2 1+24 Co.l. Since < 8i > is a characteristic subgroup of a Sylow 
2-subgroup of H, we have H = Aut(V^) and so Aut(V^) is a simple group. By the 
characterization of the Monster simple group and the above facts, we know AutfV' 1 ) is 
the Monster simple group, see 0]-0-[TJ. 

Q.E.D. 

bmce is a holomorphic VOA with rank 24 with (V^i = and the Monster simple 
group acts on B = V 2 faithfully, B is isomorphic to the Griess algebra constructed in 
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|GTr|. We have also proved that (V^) s is isomorphic to (V\) d . Hence, is equal to the 
moonshine VOA constructed in ||FLM2|| . 



10 Meromorphic VOAs 

In this section, we will construct an infinite series of holomorphic VOAs whose full auto- 
morphism groups are finite. We will adopt the notation from §7 and repeat the similar 
constructions as in §7. 
For n = 1, 2, • • •, set 

S\n) =< ({O 16 }*! 16 ^ 16 } 2 ^), ({a} 2n+1 ) : a G S(P), i = 1, ■ ■ ■ , 2n > . 

S\n) is an even linear code of length 16 + 32n and (S^n)) 1 - contains a direct sum D 2n+1 
of 2n + 1 copies of D for each n. Let 7 be an element of S^n), then there is a G S(P) 
such that 

7 = (/3i,-,/Wi), 

where /3j G {a, a c }. We may assume that the number of $ satisfying $ = a is odd. Set 
where 

W pi = V Es a if A = a and 

Set 

y 3 (n) = 

and 

^Hn)=ind^r + r(^ 3 H)- 

Then we can show that V\n) has a VOA structure by exactly the same proof as in the 
construction of V\ It also satisfies (V\n))i = 0. Moreover, it is a holomorphic VOA by 
Theorem 6.1 and its full automorphism group is finite by Theorem 9.2. 

11 Characters 

In this section, we will calculate the characters of 3C element and 2B element of the Mon- 
ster simple group. It follows from our construction that we can induce an automorphism 
of into an automorphism of V\ 
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11.1 3C 

Clearly, g = (1, 17, 33)(2, 18, 34). ..(16, 32, 48) is an automorphism of DK Let g be an 
automorphism of induced from g. By the definition, g acts on {e* : i = 1, ...,48} as 
(1, 17,33)(2,18,34)...(16,32,48). 

contains M D s = M D ®M D ®M D , where D = D Es . We view as an M D ®M D ®M D - 
module. Since g permutes {V x : x £ S^}, we obtain 

ch v t>(g, z)= tr g , z (V^) 

= tr 9 , z (0 x9=xe5 ,^) 

where tr 9iZ (V) = £)tr (#)|y n e 2 ™ z for 1/ = ©K- 
By the definition of V^ a ' a \ 

V a ^ a = Ind^ (V& ® V& ® ^ 8 ). 
It follows from the definition of induced modules, 

Ind^(C/)^ M D a +M xC/ 

as M D 3-modules. Since = {(a, /3, 7) : a + /? + 7 G D,a,/3,5 even }, we obtain that 
g(D 3 + yu) = £) 3 + /i if and only if // G -D 3 . Hence, 

tr g , z (V {a ' a ' a) ) 

Therefore, we have 

ch vk (g, z) = E ae D Bg tr g,3z( V E s ) 

= tr 9 , 3z (Vij 8 ) = ch Ves (1,3z). 

11.2 1 and 25 

Let 5 = r e ir e 2. We proved that (V^) <5> is isomorphic to (Va) <0> . Hence, 

ch ((^) <5> ) = l + 98580g 2 + .... 

So we will calculate the character of (V^)~ = {v G : 6(v) = —v}. It follows from the 
definition of r e i that 

(x,(no«)>=i 
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Set x — 7) with a, (3, 7 G Zg 6 . Assume (x, (110 46 )) = 1. Then the weight of a is 8 

and so the weight of x is 24. Hence, dimD^. = 7 + 7 + 4 and so the multiplicity of every 
irreducible T-submodule of (V^) x is 2 6 . Let U be an irreducible T-submodule of (V^) x . 
It follows from the total degree that the number of L(|, |) in U = ®|i 1 L(|, /i l ) is odd. 
On the other hand, let 7 be an odd word with Supp(j) fl Supp(x) — 0- By the action 
of M^, there exists an irreducible T-submodule isomorphic to /i*) with h l — \ for 

z G Supp(j) , h l = for i G Supp(x) and /i l = for z G" Supp(x + 7)- Hence 

ch = 2 6 ch {L(i, 0) + L(|, I))^ 24 - 0) - L(|, |))^ 4 )} 

= w /2 rua + ^nrwia + ? n ) 24 - n„ eN+ i(i - ? n ) 24 )- 

Since there are 64 codewords x such that (%, (110 46 )) = 1, we have 

ch{{V*Y) = 2^ /2 Uneni^ + ^) 24 (lL e N+i(l + ~ EUn^ 1 ~ <f ) 24 ) 
= 2 11 g 3 / 2 (l + 24g+...)(48g 1 / 2 + ...) 
= 2 12 (24g 2 + ...). 

In particular, we obtain (V^)i = and dim(V^) 2 = 196884. 
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